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Abstract

Several historic masonry buildings comprise elements formed using

stone masonry units arranged in an irregular bonding p attern called
non-periodic texture. While in the case of periodic te xtures several
methods are available to estimate the strength of the mas onry, the
influence non-periodicity on structural performance is difficult to
establish. In this work the discontinuity layout optimization (DLO)
numerical limit analysis procedure is used to investig ate the influence
of non-periodicity on structural performance by means of a
parametrical analysis involving several geometrical parameters.
Moreover the influence of mechanical parameters is a nalysed in the
case of periodic texture. Both a rigid block discrete analysis and
smeared continuum analysis are considered and they are applied to a
range of representative example problems. The rigid b lock method is
very useful to compare different textures although it r equires to
know the whole geometry of the wall, while the continuum

representation is suited to modelling large areas of wa Il without
needing the characterization of the whole panel and mor eover it
provides a conservative solution with respect to the rigi d block

analysis.
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1. Introduction

1.1.Background

Historical buildings were commonly designed to carry gravity &aalithout
concern for seismic actions and so generally masonry was adojptegliss weak-
nesses such as low tensile and shear strength, low ductitity @n anisotropic
behaviour (see Corradi et al. (2008), Angelillo et al. (2014)) were notalem
for vertical loads.

In particular ancient masonry has an even weaker structuehdviour (see
Fig. 1.1) due to irregularities in materials and in geometries and to ament
construction techniques. Moreover, over the centuries hisairlauildings have
often been subject to modi cations that may have altered thestlibution of
loads and, potentially, also the e ectiveness of the structumetime. Therefore
the analysis models applied to such structures must re ecistaspect. For
this reason, an accurate analysis in situ is required to hettaderstand the
structural characteristics and the state of conservation of tegucture and
calibrate the model accurately.

The rst thing to consider in the evaluation of the strength of masgn
buildings is the quality of masonry, as outlined in Borri et al. (2013 the
quality of masonry is not su cient the wall does not have a global pesse
but tends to disaggregate under seismic actions. This failurelen® the most
dangerous because most of the building collapse immediately &edenergy
required for the activation is low and it may cause deaths armmbreomical
expenses. This usually happens when the walls are strudtwith more leaves
(up to three) and the interior of such walls may comprise rubbteeven earth
elements that tend to disaggregate when subject to loading. If amag has a
good quality but there are not e ective connections between walhd between



Figure 1.1: Failure of ancient masonry structures: (a) Basilica of Sainafcis in
Assisi, Italy, 1997 (b) Basilica of Saint Benedict in Norcia,}{a2016.

walls and slabs, the building can undergo out-of-plane locatimagisms as in
de Felice and Giannini (2001). This kind of failure is still dangerand requires
an intermediate value of activation energy. Finally, if alsetbonnections are
adequate, the mechanism will be global and the failure willwda plane. This
is the safest failure mode and the hardest to achieve.

With regards to the quality of the masonry, certainly the regsiste of stone
or brick elements and the quality of mortar have a great impacttba outcome
but there are certain factors that depend solely on the textui@ example the
dimension and the shape of elements, the horizontality of mojtants and
the staggering of vertical mortar joints. In our work we are focugion these
geometrical aspects since we assume the failure it's not dueisagtjregation
or crushing of the masonry blocks. This is because for the hisad masonry
generally the blocks have a great resistance compared to théanand so the
failure doesn't occur within the blocks in the case of the sg@isaction but it's
characterized by rocking. So the case of multi-leaf walls witbbble masonry
is not considered in this work.

A suitable model for the constituent masonry material must desen when
analysing a historic masonry construction. This is often not gjraforward,
especially if the masonry comprises blocks or stones that areanainged in a
periodic pattern. The in uence of the texture for di erent p@dic schemes is
analysed in Rios et al. (2022) for example. Sometimes the bondintepawill
be quasi-periodic, that is to say, courses of a given height aesgmt, though
the units within a course may have di erent widths, and the gbis of di erent
courses may also vary. Alternatively, the bonding pattern niegy completely
irregular, with no discernible bedding courses evident anid thay be called
chaotic texture.

Masonry structures are commonly modelled using either discoetemeared
continuum representations. In the rst case, masonry units anedelled ex-



plicitly, representing non-periodic bonding patterns ditgcIn this case mortar
joints are modelled explicitly though, for sake of simplicityaynbe assumed to
have zero thickness (used in conjunction with geometricallyagxjed units).
Examples include the methods proposed by Livesley (1978), FandsTan-Loi
(2001) and Gilbert et al. (2006), where in the latter two contribution®©m
associative friction was considered. However, since a typiasonry structure
consists of many thousands of masonry blocks, discrete modedppmoaches
can be computationally expensive since all units must be medehdividually.
Thus, alternative smeared continuum formulations have als®ib developed.
Considering periodic masonry, early contributions include ¢hosPande et al.
(1989) and Anthoine (1995). A key development was to use a unit cell or
representative volume element (RVE) to ensure the speci opgerties of ma-
sonry can be properly represented. For non-periodic masonuyi@hnd Gusella
(2004) used RVEs in conjunction with “test-windows' of increasingehsions
to capture the elastic properties of the masonry, then extendednable the
strength of the masonry element to be determined by Cavalaglilef2011).

Considering quasi-periodic masonry, the concept of a StatidiicEquivalent
Periodic Unit Cell (SEPUC) was proposed Bgjnoha et al. (2008), whereas for
the analysis of non-periodic masonry walls subjected to im@lading, Tiberti
and Milani (2019) have proposed a work ow that involves starting wéldigital
image of a wall and then performing a pixel-based limit analysiocedure
employing automatically generated homogenized yield surfatiés;approach
has also now been extended to treat out-of-plane loading sdesdiTiberti and
Milani 2020).

1.2.Aims of the research

In this work the Discontinuity Layout Optimization (DLO) numial limit
analysis is employed to carry on a parametric analysis consigleseveral dif-
ferent parameters such as the height of the panel, the textung ather ge-
ometrical properties and also to study the in uence of mechahiproperties.
As far as the author knows, currently there is not an accurakassi cation of
the masonry textures and their impact on the structural belawi has not been
studied in detail. So the aim of this work is to provide an enhediclassi cation
and to quantify the e ect of such classes in the structural etigth. For this
reason DLO is used to compare the in-plane load carrying cajescdf periodic
and non-periodic masonry elements. Unlike nite element timalysis, with
DLO (Smith and Gilbert 2007) singularities in the stress or diggiment elds
can be handled in a direct and natural manner, obviating theddor the use
of tailored meshes or adaptive mesh re nement. With DLO it is@possible to
readily compare and contrast the results obtained using diecend smeared
continuum representations of masonry constructions, in the lattase adopting
for example the homogenized masonry material model developed:iButhan
and de Felice (1997). Moreover, in this work more complex structesemples



have been tested, such as a whole facade subject to a rigidesattht or a
seismic action, to show that DLO can deal with real applicatiand complex
geometries and load cases. For a proper validation, comparisonkthnalysis
have been addressed, showing that for the evaluation of theif@imultiplier
of the panel under seismic loads DLO is a fast and reliable tool.

1.3.0utline of the thesis

This work is organised as follows. In chapter 2 a literaturei@ewvis provided,
with notions in plasticity, Linear programming and FE and DLO thetls, chap-
ter 3 explains how DLO can be applied to masonry structurallgsia. In chap-
ter 4 the current classi cation for non-periodic texture is @ained and a new
classi cation for quasi-periodic textures is provided alonghathe explanation
of a script for the generation of quasi-periodic samples. In ¢hap a para-
metric analysis involving several geometrical and mecharngalarried on by
means of DLO. In chapter 6 a comparison with a nite element (FEgtimod is
established to compare and contrast the two methods pointing advantages
and drawbacks. Finally in chapter 7 conclusions are drawn. ekglix A shows
a Python DLO script developed in a recent work that allows to coodplane
strain analysis in a fast and intuitive way.



2. Literature review

2.1.Plasticity

Elastic materials are characterized by the existence of auradtstate for
which both stress and strains are zero. If these materials at@ested to
external actions they are deformed until the actions cease Hredgo back to
the natural state. The strains are then reversible and thelp@accumulates the
work done by the external forces as elastic potential energy ih#en released
when the actions vanish.

However, this model has several limitations with respect te #xperimen-
tal analysis, since real transformations are not completelyersible but they
are characterized by energy dissipation. It is anyway cortecheglect this
component until the body is subjected to loads that are far frometfailure
load.

The main equations for the elastic problem can be found in Secfah2
where the Finite element procedure for an elastic problemxiglaned. When
the intensity of the actions is signi cant instead, most of the maias behave
as an inelastic material.

To deal with such material the theory of plasticity was deveddpat the end
of the 19" century and it it's still in evolution nowadays (see ChabocBe(8)
for a review).

The key aspect of plasticity are:

" There is a presence of residual plastic strain deformationsmwie body
is unloaded.

" There is not a biunivocal relation between strain and stress.



The state of the body depends on the load history and so it is amanc
mental problem.

Moreover depending on how stress and the strain are relatedrakgsaess-
strain relationship. The more common are the following:

" Elastic-perfectly plastic: the stress-strain relation &g branches, the
rst one is the linear elastic characterized by the Young masl& and the
second one is characterized by increasing strain at constaesstnamely
the yield stress.

Strain hardening: the stress-strain relation has two brarghee rst one
is the linear elastic characterized by the young module E amel $econd
one that is rec is still linear but with a di erent slope KE. Again the
threshold between the two regions is the yield stress.

Rigid-perfectly plastic: this is similar to the elastic-pectly plastic but in
this case the rst branch is neglected since it's assumed ttiad elastic
strain are way lower then the plastic strain.

In the Strain hardening model, at every step of the loading amdoading
process the yield stress may variate unlike what happenthielastic- perfectly
plastic model; this phenomena is called Baushinger e ect.

2.1.1.Yield surface

The stress strain relations can be determined by means of ktboy tests.
To describe the switch between the elastic domain and the tidadomain for a
triaxial stress state the concept of yield surface is introedc The hypothesis
is that the transition is dependent only on the stress state ahd toad history.
Under this conditions the yield surface is de ned as follows:

F(ij;km)=0 (2.1)

where j; takes into account the stress state arng, are parameters related to
the load history. The original yield surfaces is de ned as falo

Fo( j)=0 (2.2)

Under the hypothesis of an isotropic transition, the yield coratitican be
expressed in terms of the principal stress or the stress iants.

F( 1, 25 3=0 2.3)
F(lg;12;13)=0 ’

where
l1= 1+ 2+ 3

l2= (12% 23+ 31) (2.4)
3= 123



Considering the stress space, the veci represents the stress state:
OM =( 1; 27 3) (2.5)

The stress state can be expressed as a sum of two vectors: theisr the
projection on the line where; = 5 = 3 which versor iy and it's indicated
as ON and the other one is the di erence vecttiM = OM  ON All this
vector are shown in Fig2.1. It follows:

03

02

Figure 2.1: Principal stress space representation

) ) 1 p_
JONj=OM n=p=(1+ 2+ 3)= 3 n
2 (2.6)
p_ p_ 1 1 1 ’
ON= 3,3yn= 3 n P=P=P= =(m; m m
3 3 3
And so:
. . p
INMj=" (1 m)2+( 2 m)2+( 3 m)? (2.7)

In the principal frame of reference the stress evaluated ia ptene that hasm
as normal versor is:

1
(m=[1 n= 193( 15 2, 3) (2.8)
The absolute value of the normal component is:
. . 1 1 1 1 1+ 2+ 3
ni= (n) n=p=(1 2 PPy = ——— =
J n(n)j (n) FF3( 1, 2, 3) 193 % % 3 m

(2.9)



so the normal stress becomes:

. . 1 1 1
n(N)=j n(Mjn="m Py PPy (2.10)
and the absolute value of the octahedral tangential stress is:
s
1 m 2 2 m 2 3 m 2
i (n)j= = = + = =+ = = = 211
j (n)] P3 P3 P3 P3 P3 P3 oct (2.11)

The term octahedral tangential stress is referred to the fdbat this is the
absolute value of the tangential stress related to the faces ofegular octa-
hedron which axes are the principal direction of the stress ten3dis frame

of reference is useful since points that belong to planes orthobtmthe line

of versorv have the same average stress so the same isotropic part of stress
but di erent deviatoric part of stress. The deviatoric part adtress may be
expressed in the following form:

Si = i om (2.12)

If a material respects the Huber conditions (Huber (1904)) the ¢iebndition
is not a ected by the isotropic part of the stress. This is the cagsEHuber-
Hencky-Von mises and Tresca criteria commonly used to desthi@éehaviour
of metals or soils such as clays under the hipothesis of undratoeditions.

In this case the failure surface depends just on the deviatpart of the
stress tensor and can be expressed as:

F(sj)=0 (2.13)

And if the hypothesis of isotropy previously stated it can be expeal also in
form of the principal stress or the second and third invarianfshe deviatoric
part of the stress tensor:

F(J2;33)=0 (2.14)

Since the dependence from the average stress is excluded atheef surface
must be dependent just on two parameters and it can be de ne@wvery plane
orthogonal to the line of versov If the main axis( 1; »; 3) are projected on
this plane the new frame of referen¢e;; »; 3) is de ned. The generic state
of stress in de ned in this new frame of reference by 2 values emsidering
the orthogonal reference frame 3; 3) they are expressed as:

N R
3= 2 >
r r r (215)

w
I
wIiN|
w



2.1.2.Yield criteria

In this section the most used yield criteria are presentediddigl into criteria
that depends just on the deviatoric part of the stress tensodarriteria that
are dependent from the isotropic component of the stress tensor.tke rst
kind the Tresca and the Huber-Hencky-Von Mises criteria aneven and for
the second kind the Mohr-Coulomb criterion is shown.
Tresca and Mohr Coulomb criteria are used in standard DLO to soletai
plasticity problems and geotechnical problems (skefor some benchmark
example).

Tresca criterion
For the Tresca criterion the yielding in a point of the continuacoics when
a certain value of the tangential stress is reached:

max = K = constant (2.16)
From a uniaxial tension stress it follows that:

max = ?S (2.17)

where s is the yield stress. In terms of principal stress:
i gi= s (2.18)

Exchanging indices it is possible to individuate 6 planes lpgréo the line of
versorv. the yield surface is then a cylinder whose axis is the line ofores
and its expression is:

(1 2% 2 (2 3° 2 (s 12 2=0 (219

The face of the cylinder is a regular hexagon whose vertices are ®n; thxis.
the yield curve is described by the relation:
P3
= 5 s;1=1;2,3 (2.20)

in the case of plane stress problems(= 0) it follows:
(+ 22 ¢ 5§ % § i (2:21)

that is an hexagon in the plane of nonzero stress.



Huber-Hencky-Von Mises criterion

Unlike Tresca's criterion, in this case the yield is reachedipoint of the
continua when the second invariant of the deviatoric part of theess tensor
reaches a certain value. Recalling that:

2 3 2 3 2 3
1 0 O m 0 O 1 m 0 0
4 0 , 05=4 0 m 0 9+4 0 2 m 0 5
0O 0 3 0 0 m 0 0 3 m
(2.22)

the second invariant of the deviatoric part is:

Jo = (s1S3+ S2S3+ S1S3) (2.23)

= (1 m(3z m*C2 m(z m*+C2 m1 m)

or in an alternative form:

1
J2=§ P+ 2+ 3 12 23 31 (2.24)
Recalling that (from Eqn:(2.11))
1P 2 2 2
oct = % (1 m“+( 1 m)*+( 1 m) (2.25)
péq
=3 (2+ 2+ 2 1, 23 31)
Hence: 2
2 = 392 (2.26)

And for the criterion the yield condition is reached when:
J, = k? = constant (2.27)

So, as the Tresca criterion, it depends just on the deviatorictf@ad so again
the yield surface is a cylinder whose axis is the line of versor v

In case of uniaxial stress the second invariant of the deviatpart of the
stress tensor is:

2
Jo = 38 (2.28)

k= p>

) k=P3

and since:

2 2
dt= 3d2= 3 & (2.29)

3 9

3



then: r

N M = 3 oct = S (2 30)

wIiN|

so the yield curve is a circle whose center belongs to the line idover and it
lives in the plane orthogonal to it. In Fig2.2 the criteria previously described
are compared, note that Tresca's hexagon is inscribed into the -Wbses's
circle.

This criterion is related to the distorsion energy concept sitice work as-

sociated is: 1
Lgist = ==J 2.31
dist 2G 2 ( )
where G is the shear modulus and so it is clear that it's proporél to the

second invariant of the deviatoric part of the stress tensor.

s

Huber-Hencky-Von Mises

Tresca

v3

Figure 2.2: Comparison between the Tresca and Huber-Hencky-Von Mises in the
plane

Mohr-Coulomb criterion

Mohr-coulomb criterion is used to describe cohesive- frictionalemals. Un-
like the previous criteria it is dependent on the isotropic parttoé stress tensor.

If cis the cohesion and is the angle of friction, then the shear displacement
on a plane is described by the following formula:

jj=(c Htan (2.32)

In the Mohr plane it is possible to individuate the highest and tbeest normal
stress for an uniaxial load that causes failure. In the rstsea(tension) the



Mohr circle is expressed by:

0 0
%z c ?f sin (2.33)

thus: )
1? =cC % (2.34)

In the second case (compression) the MPhr circle is expressed by:
00 (O

f_ o
> = c+ > sin (2.35)

thus: .
00 Sin
=2C——+— 2.36
f 1 sin (2.36)

The previous expression can be deduced by Bi§. The ratio between the

-

Figure 2.3: Mohr circles at failure for a uniaxial force in tension or comgies

maximum stress is only dependent from the angle of friction:

0 .
f _ 1 sin

T)_ 1 +sin

In the generic stress state the condition that implies the shdigplacement at
failure is the following:

= %( 1+ 3)+ %( 1 3)sin (2.38)

(2.37)

1
= 5( 1 3)CO0S



if these values of and are replaced is in Eqn(2.32) the following is obtained:

1(1+sin ) 3(1l sin )=2csin (2.39)
Thus:
1 sin _ o)
' 1+sin 37 f
1+sin 0

i = 2.40
s¥ T an @ 0) (2.40)

00 0 00

The generic form is the following:
f T ofr i) =1;23 (2.41)

that represent a cone in the principal stress space and an ¢q@xan the plane
orthogonal to the line of versor v (see gure)

vQ,
N

¢ {2

Figure 2.4: Mohr yield curve in the plane and yield surface in the principal stress
space for a null cohesion

2.1.3.Associative ow rule
In this work only the hypothesis of associative ow rule is coesetl.



In this case the yield surface coincides with the originaldyslirface and it
does not vary in the stress space.

Two conditions rule the increment of plastic strain due to an riement of
plastic stress: rst of all the stress state must satisfy theelgd condition and
second, the increment of stress must be tangent to the yieldaef So:

F( ij ) =0 (2.42)
@F
@pg ™ (2.43)

If the bi-symmetric tensoEj; and the in nitesimal parameted are introduced,
the plastic strain increments may be expressed as:

where
F=0 dF=0 ) d O
F=0 dF <0 ) d =0 (2.45)
F<O ) d =0

It has been shown from experimental tests thajf, is dependent just on the
stress state and not from the stress increments and if the ptagiotential
P(ij ) dependent from the stress state is introduced it follows:

@P
E; = 2.46
i@ (2.46)
for ductile materialsP = F is assumed so:
@F
dP? =d 2.47
! @jj (247)

This is what is called associative ow rule. If time is introckd and the plastic
strain rate % is de ned then:

P = _ (2.48)

so in terms of total strain:

_j —_ﬁ + P (2.49)

—j
@F
4 = Cijpg _pq t “@; (2.50)



2.1.4.Limit Analysis

Limit analysis is a structural analysis that allows to dilgcestimate the
collapse load of a structure avoiding iterative or incrementahlgsis.

A continuum with an elastic-perfectly plastic behaviour is saered and the
external actions applied are supposed to increase proportiynal

When these external forces increase, parts of the continuuathehe plastic
limit and they develop local plastic strains.

If actions still increase, new parts of the continuum reach thasgic limit
until this phenomenon can't be contrasted by the remaining gaahymore and
the failure mechanism occurs. The corresponding load is ddfbad factor or
failure multiplier.

To obtain this value it is possible to pursue an elasto-plastialgsis that also
allows to know the stress-strain relation and the distritmrtiof stresses through-
out the continuum but this approach is usually complex and compiotzally
expensive.

If the limit analysis conditions are ful lled instead, it is pakke to avoid to
know the evolution of stress and strain. These hypothesis mayxpeessed as
follows:

" Elastic-perfectly plastic material with Drucker stabilit The failure sur-
face must be convex and the plastic increments must satiséyribrmality
condition.

~

The displacements and the strain in the elastic regime arelsara they
don't a ect the failure mechanism so that a rigid-perfectly gdtic model
can be adopted.

" All the actions increase proportionally to a parametercalled load mul-
tiplier.

The following de nitions are now introduced:

Statically admissible eld : a distribution of stress ﬁ that satis es the
equilibrium conditions (within the body and at the boundary) droes not
violate the ow rule condition anywhere so thdt ( i’jf) 0.

A load multiplier that can be associated to a statically adsiide eld is
called statically admissible multiplidr ).

Kinematically admissible eld : a distribution of velocitiesuy and strain
veIocities_}j associated to a certain mechanism that satis es the intdroam-
patibility and the boundary conditions and that provides a positidissipated
power.

A load multiplier that can be associated to a kinematic adnb$s eld is
called kinematic admissible multipli€r ).



Since the equivalence between the power dissipated by eatemd internal
forces must hold we have:

Z z Z
ilj< IT dv = kfili;!( ds= fili;!( ds (2.51)
S St
Thus the kinematic multiplier is obtained as follows:
Rk dv
= R (2.52)
s filii ds

In nitesimal strain theory and proportionally increasing lbassumptions are
adopted in order to derive this formula.

Collapse condition (failure) : the failure mechanism is activated; the
yielded part has a relevant dimension and the remaining peatisnot contrast
the activation.

Failure multiplier : it's the maximum load multiplier that guarantees the
equilibrium between the stress distributior{j and the external loads¢f and
moreover it generates the activation of the failure mechanisrthwiompatible
velocitiesus and strain velocities_};- . The rst condition is straightforward
since load is increased gradually through a series of staticaligissible elds.

Since the stress eld and actions are in equilibrium and vitles and strain
velocities respect compatibility it is possible to state thaternal and external
dissipated enerzqy is equal astoIIows:

Z
ifdv= (fiuds= ¢ fiufds (2.53)
St Sy
Thus the failure multiplier is:
| o
f= R — (2.54)
S fiu; ds

The failure multiplier is both statically and kinematicalgdmissible and this
aspect will be clari ed by the Static and the Kinematic Theons.

Theorem (Static Theorem or Lower Bound Theorem ). The failure multi-
plier is the maximum of all the statically admissible muligrk.

s f f =max s (2.55)

Proof. Reminding Eqn. 2.53) and considering a statically admissible eld
(e.g. in equilibrium) and as a kinematic eld the collapse eldFrom the
virtual velocity principleé

sidv= §  fiufds (2.56)



By subtracting Eqn. 2.53 and Egn. @.56) the following equation is obtained:

Z z
(§ ) jdv=C¢ & figds (2.57)
\Y% S
From the Drucker stability hypothesis:
Z
fiy ds > 0; (2.58)
St

And from the convexity of the failure surface (see FR&y5):

Oij

Figure 2.5: Static Theorem: yield surface

z
X oS jdv>o; (2.59)

because the angle between the strain velocity vector and thess di erence
vector is less than= 2 and so the dot product is positive.
So in conclusion:

i s O (2.60)
0

Theorem (Kinematic Theorem or Upper Bound Theorem ). The failure
multiplier is the minimum of all the kinematically admissbinultipliers.

f Kk f =mMax g (261)

Proof. Reminding equation Eqn. 2/51) and considering as a static eld the
collapse eld and a kinematic eld (e.g.it respect compatiljliconditions).
From the virtual velocity principle:
z z
i dv= ¢ fiufds (2.62)



By subtracting Eqn. 2.51) and Eqgn. @.62) the following equation is obtained:

Z Z
(K ) kdv=(w 1) fiyds (2.63)
v St
From the Drucker stability hypothesis:
Z
fiuf ds> 0O; (2.64)
St

And from the convexity of the failure surface (see FR&j6):

Figure 2.6: Kinematic Theorem: yield surface

Z
X KooD) Kav oo (2.65)
So in conclusion:
k 0 (2.66)
O

2.2.Linear Programming

Linear programming (LP) is an iterative procedure that allotesminimise or
maximise an objective function subject to linear equality aimktar inequality
constraints.

The core applications of such mathematical feature are reddi® economics
matter since they can account for planning, production, transgation for which
minimising cost and maximising pro t is essential.

Linear programming basis were built by Fourier in the rst half thie 19"
but the rst applications in structural mechanics were devpéd over a century
later (Maier and Munro (1982)).



The aim of this technique is to solve the following problem thapresent
the LP problem in its most general and complete form:

max cTx (2.67a)
st. A X b (2.67b)
ly X Up; (2.67d)

Wherec is a vector de ning the orientation of the function to maximize, is
the vector containing the LP variable$y and A ¢q are the matrices regulating
the inequality and equality constraints respectively apdand u, are vectors
that bound below and above the LP variables. When the problenolves
just two variables, it can be easily visualised on a Cartegiame and a visual
solution can be determined. For example the constraint:

X1+ apxa = C (2.68)

represents a line dividing the plane into two half-planeattkatisfy the inequality
a;X1 + axXp < € Or a1Xy + axXp > ¢ respectively. Generally speaking, Egn.
(2.68) describes a family of lineBaj;az;c 2 R and the vectora = (a;; ap)
describes the orthogonal direction with respect to the lines af thmily and it
is oriented through the ascending values of c.

For two variables, the objective function of a Linear Programmiprgblem
is an expression such &gx1;X2) = €1X1 + CoX2 that has to be maximised or
minimised. To show this function on a Cartesian plane the foltayvfamily of
lines is considered:

C = Cc1X1 + CXo; (2.69)

For C that varies inR this is a set of parallel lines. The highest values of C
are obtained moving through the direction indicated by the vecfor;c,;) as
stated before. So if the problem is a maximisation the latteredtion must be
considered, and if it's a minimisation instead the opposite diif@en must be
considered instead. The point that solves the problem must fuhle objective
function but also respect the constraints previously de ned.

2.2.1.Example of a LP problem for two variables
The following problem is now considered and a visual solution avided.

max 7x1 +10x2 (2.70a)
st.  Xp+Xx2 750 (2.70Db)
X1+2X2 150 (2.70c)

X2 < 400 (2.70d)

X1 O;xp O (2.70¢)



In this case, the quantities previously described arec™=f7 10g,
xT=fxq1 X209, bT=f750 150 409, I} =f0 0g and

2 3
11

A=41 25
0 1

The rst three constraints represents an half-plane as shawrrig. 2.7. more-

N ox %,

§§>x .

Q \(XQ 750 jﬂ/\ S too0

PN . éﬂADJﬁ\ :

N ~
(@ x1+ x2 750, Egn. (2.70b) (b) x1 +2x2 150, Eqn. (2.709
- \40? rrrrrrrrrrr —

T T T
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(c) x2 < 400, Eqn. (2.70d)

Figure 2.7: Inequality LP constraints

over the last two constraints enforce the solution to the positig x, quarter
and so the admissible region is shown2i8 And it's de ned as:

S = (X1;X2) 2 RjXy1+ X2 750;x3 + X 1000;x, 400;x1 0O;x» O.

Once the domain is determined, parallel lines identi ed by ertain value of
the objective function are drawn until the one corresponding ke tmaximum
value of the objective function is obtained. This line will be ¢emt to the
domain at one of its vertex. That point represents the solution of thetimi-

sation problem. This process is described in Fg. It's possible to notice
that Linear Programming may lead to a non-unique solution (i.ee thbjective
function is parallel and not tangent to the domain de ned by the «braint for



=

N

Figure 2.8: Admissible LP region

/ P=(500,250)
K S
I~

\ Xl\
Cc=0 C=300 C=6000

Figure 2.9: LP problem solution




it's target value). Moreover, the solution could not exist if no poiseatis es the
constraints (i.e. the intersection between the constraints ddions is empty)

If the size of the problem has higher dimensions (over than 3) a ggbhi
method cannot be used to determine the solution, in this case tlenain
de ned by the constraints is de ned as a polytope and the soluti@nsiill
identi ed by one of the vertices of the domain.

2.2.2.Duality of the LP problem
Each LP problem can also be formulated in its dual version. Ifoeasider
the following basic problem:

max c’x (2.71a)
st A x b (2.71b)
x 0 (2.71c)

This can also be expressed in the following form that is cafigchmetric dual
problem:

myax bTy (2.728.)
st. AT y ¢ (2.72b)
y 0 (2.72¢)

The two formulations are related by this statements.

" Each variable in the primal LP becomes a constraint in the duBl L
problem

" Each constraint in the primal LP problem becomes a variable ia dual
LP

" The search of a maximum in the primal problem correspond to therce
of a minimum in the dual problem and so the objective function diren
is reversed.

Two theorems can be derived (see Matousek and Gartner (2006) foremo
details):

Theorem (Weak duality theorem) For each feasible solutiog of the dual
linear program (Eqn.(2.72), the valueb™y provides an upper bound on the
maximum of the objective function of the linear program (EqfR.71)) i.e. for
each feasible solution x of (Eqr(2.71)) and each feasible solution y of (Eqgn.
(2.72)) we have:

c'™x bly (2.73)



So, if Eqn. (2.7]) is unbounded, Eqn.(2.72 has to be infeasible, and if
Eqn. (2.72) is unbounded, then Eqn(2.71) is infeasible.

Theorem (Strong duality theorem) Consider the primal and the dual Linear
Programming problems stated above one of this conditions must occur:

" No one of the problems has a feasible solution
" The Primal problem is unbounded and the Dual has no feasibletisolu

" The Primal problem has no feasible solution and the Dual is unia®ah

Both problems have a feasible solution andxif is the optimal solution
of the Primal problem and/ is the optimal solution of the Dual problem
then:

T

c'x bly (2.74)

That is the maximum of the Primal Problem and the minimum of the
Dual Problem

2.2.3.Linear Programming algorithms
The two most important methods used to solve Linear Programmingialems
are the Simplex method and the Interior Point method.

Simplex algorithm
It was developed by G.B. Dantzig in 1947 to solve the following cacedni
problem:

min c’x (2.75a)
st. A X b (2.75b)
x 0 (2.75c)

Since the solution is known to be at least on one of the vertex of the/jople

de ned by the constraints Murty (1983) or in one of the extreme pointshen
the problem reduces to evaluate the value of the function on a enitumber
of elements. Unfortunately for most of the application this ispossible since
the size of the problem is too big and this approach wouldn't besfbke.

So, the idea is to start with the iterative process from one of thertex and
evaluate the value of the objective function. If the point has nbetmaximum
value then it is possible to nd an edge where the value of the tiorcincreases
moving away from the starting point. If this edge is nite then ibanects the
starting point to another one that has a bigger value of the objectiuaction is
unbounded and so the problem has no solution. Once the new vestesaiched
the process starts again until the vertex corresponding to tighest value of
the objective function is found; if this cannot be reached the f®blem has



no solution. Travelling along this edges the number of vertex atigated is
way lower than the whole amount. An example of this process fa& simple
case 2 variables case previously described is shown irRRi§.The solution of

X2
AN

Optimal solution

Starting point

Figure 2.10: Simplex method solution process

the LP problem is achieved in two steps called Phase | and Phla@@antzig
(2002)). Phase | consists in nding the starting point. This may bgvial in
some cases, but generally speaking it may be achieved by apptlye simplex
algorithm to a modi ed and simpli ed version of the original pradrh.

The possible outcomes for Phase | are either the identi cation lué starting
vertex or the conclusion that the linear problem is infeasildRhase Il consists
in applying the simplex algorithm previously described toiwdlate iteratively
which vertex correspond to the highest value of the objectivection.

The possible outcomes for Phase Il are either an optimal feasiblietion or
the conclusion that the problem is unbounded and this happensnmee of
the edges that is travelled is not nite. (Vanderbei (2001))

The simplex algorithm is characterized by a series of pivot ofi@na that
allows to move from a feasible basic solution to another one that &sasigher
value of the objective function. Nering and Tucker (1992)



Interior Point Methods

Interior Point methods have been developed after the simplesthod, the
are more complex but they allows to nd a solution for problems tla@e out of
the capabilities of the simplex method. Moreover Interior Psimhethods can
also solve non-linear programming problems.

The rst Interior Point method for Linear Programming was cresat by Kar-
markar (1984). The reason for the name is the fact that the guess foe t
solution does not follow the boundary of the feasible set as in thmpsex
method, but it starts from a point within the feasible region arismoves until
it reaches the optimal point at the border of the region. This isabchieved
improving the approximation of the optimal solution at each iteiat, until it
converges to the optimal one (see Strang (1987)). An example of thizgss
for the simple case 2 variables case previously describduisrsin Fig.2.11

X2
A

Optimal solution

Starting point

\

Figure 2.11: Interior Point method solution process

2.3.Finite Element Methods

2.3.1.Introduction

Finite element methods allows to solve complex physical probley estab-
lishing and solving algebraic equations. The development of éhe®thods
began with the advent of electronic digital computers. The widsefyread of



the method is due to the generality of the problem that can be gseld as well
as the ease of establishing the governing equations. Although ththod was
initially developed to solve structural mechanics problemsyas then recog-
nized that it can be applied for many other class of problems. H&af2006)
In the beginning it was mainly carried on by mathematicians gru/sicists
(see Courant et al. (1943),Courant and Hilbert (1953),Synge and Rheiitbol
(1957),Mikhlin and Chambers (1964)) but important developments alsone
from engineers (Turner et al. (1956), Argyris and Kelsey (1960)). Howetie
name " nite element” rst appeared in Clough (1960), where the tecigue
was used to solve plane stress analysis problems.

The most commonly used method for the structural analysis is the
displacement-based FEM. The steps to follow are typically thkowing:

idealization of the structure as an assemblage of elements d¢otemected
by joints

identi cation of joint displacements

Resolution of force balance equations to determine the the umkmints
displacements

Evaluation of the internal stress distribution thanks to the dwledge of
elements boundary displacements

Interpretation the results for both displacements and stes$they must
respect the initial hypothesis)

2.3.2.Formulation
The equations that describe the standard linear elastic peoblare the fol-
lowing (see Przemieniecki (1985)):

~ Strain-displacement equations (6)
"~ Stress-strain equations (6)
" Equilibrium equations (3)

Strain-displacement equations
The deformed shape of a body can be entirely described by tbigglace-
ments for each point.

Ux = Ux(X;Y;2) (2.76)

Uy = uy(X;y;z) (2.77)
Uy = Uz(X;Y;2) (2.78)



The strains can be expressed as partial derivatives of thplatements. For
small deformation the relation between the strain and dispiaent is linear and
they can be expressed like (Timoshenko and Goodier (1934)):

xx = @@;j( yy = %;'/ 22 = %'Z (2.79)
xy = yx = @@l’:(+ %:( (2.80)
yz = zy = %Hy @@92 (2.81)
x= xz = %"Z @C;Di (2.82)
which can be summarized using index notation as:
ij = %(Uj;i + Ui ) (2.83)

where the subscript after the comma indicates the partialidative with respect
to that indices.

Stress-strain equations
Elastic strain are related to the stresses by means of the Hadlksv:

1

XX = E( XX ( yy T 22)) (2.84)
yy = é( yy (zz+ xx)) (2.85)
2= 2 (a Cut oy (2.86)
1+
xy =2 £ (2.87)
1+
=2 2y (2.88)
1+
x =2 E zX (2.89)
(2.90)
or in a matrix form as:
2 . 3 2 0 0 0 32 . 3
vy 1 0 0 0 %E vy
2z 4 1 1 0 0 0 27
Xy E@ 0 0 0 21+) 0 0 Xy
vz 0O 0 O 0 2(1+ ) 0 vz
2 0 0 O 0 0 2(1+ ) x
(2.91)

whereE is the Young module and is the Poisson's ratio.



Equilibrium equations

Equations of equilibrium in three dimensions relating the ngtieess compo-
nents are derived considering equilibrium of moments and s&gscting on a
in nitesimal rectangular parallelepiped. It is possible toosv that in absence of
body moments, the stress tensor is symmetric and thgn=j By enforcing
equilibrium three partial di erential equations can be wrih:

@ xx + @xy + @

@x Qy @z +b =0 (2.92)
@yx @yy @yz -
@x + @y+ @z+ by=0 (2.93)
@zx @zy @zz _
@x + @y+ @z+ b, =0 (2.94)

where (by; by; b,) are the body forces in the three directions. The expression
can be summarized using index notation as:

or in vector notation form as:

r =b (2.96)

2.3.3.Procedure

Now that all the di erential equations for the resolution of thergblem are
set, it is useful to see in detail all the step that lead to thetdrmination of the
stresses and strains in the whole body.

Discretisation
Evaluation of the sti ness properties of each structural elerhen

Evaluation of the sti ness properties of the whole structure

Equilibrium enforcement

Evaluation of the displacement throughout the continuum through gha
functions

Discretisation

In order to solve the continuum problem we need to reduce the degre
of freedom to a nite number. This process is called discrdiiza and it is
realized by dividing the continuum in a set of nite elements. dBaelement
has a certain dimension, its own shape and a number of points tdahes
its degrees of freedom and the interactions with the adjacentrelats. the
discretisation of the structure implies that the solution is apmoximation and



that the exact solution of the equations is guaranteed only in theles of the
elements. Anyway, if elements are chosen in a correct way ahérotules are
followed, it is proved that increasing the number of the elenemakes the
solution converge to the exact solution.

Evaluation of the sti ness properties of each structurahednt

Each nite element has its own sti ness properties, this profies depend
on the number of degree of freedom, on the elastic properties, on thentary
conditions and on the space in which they are considered (e.g. anbalament
in a 2D analysis has less degrees of freedom than a beam in 3D a)alffthe
sti ness properties of the element are gathered into a matkix it is possible
to write the following relation between the force applied toettDOFs of the
element and the related absolute displacements:

F = Ku (2.97)

where K is called the local sti ness matrix and it's a squaratmix of sizem m
wherem is the number of DOFs. The sti ness matrix has only real number
entries and it's symmetric due to the Betti's reciprocal watheorem

Evaluation of the sti ness properties of the whole struetur

Adjacent nite elements of the structure are connected by nede&ince the
absolute displacement at each node must be equal for all thiée relements
which share that node, compatibility conditions must be engmicand it is
possible to nd a sti ness matrix for the whole structurk ¢ that relates all the
forces applied to the DOFs of the structure with all the dispdaments. Thus
Egn(2.97) becomes:

Fs= KsUs (2.98)

Equilibrium enforcement
In this step Eqn.(2.99 is solved and the displacements in all the nodes of
the nite elements (is) are found.

Evaluation of the displacements throughout the continudmough

shape functions

Once the displacements of the degrees of freedom of the structiedaund,
it is necessary to nd the displacements within the continuutm determine
the strain and the stress elds. In the nite element methodhis is achieved
through shape functions. Shape functions relate the displacgma&thin a nite
element to the known displacement of the nodes of the elemerlfits

Let's consider for example a triangular element whose node atedl!, m
andn. Avector =( |; m; n) Which contains the displacements in the three
directions for each node. Each point within the element has aoghponents
displacement, one for each direction and this component areedall v andw.



We want to de ne functions that have as input the coordinates thfe point
and as output the displacements of the point so they can be exqaéss:

2 3
u(x;y; z)
fcy;z)= 4 v(xy;z) ° (2.99)
w(X;y;2z)
This displacements must be tied to the displacements of thaelesm so it is

necessary that if the coordinates of a node are replaced in. Egr99) then the
displacements of the node are obtained. For example for theedode have:

3 2 3
u(xi;yi;z) u
fxiynz)=4 vixiyiz) °2=4 vy 9= (2.100)
W(X[;Y1;2)) W,

The functionf can be written as a matrix product between the so called shape
functions (N (x;y;z)) dependant from the coordinates of the points and the
displacements at the nodes.

f(xy;z)= N(Xxy;z) = (2.101)

or in an expanded form;:

2 3
|

f(;y;z)= Ni(X;y;2) Nm(X;¥;2) Na(x;y;2) =4 5 9 (2.102)

n

So a shape function is written for each node and it has two fuméatal prop-
erties:

If the coordinates of a node are replaced into a shape functiorihef
same node, the identity matrix is obtained

2 3

Ni(xi;y;2) =4 >

O O
[k )
= O O

"~ If the coordinates of a node are replaced into a shape functioanuither
node, the null matrix is obtained

3
5

AN
o O o

Nm(Xi;¥152) = Nna(Xpyisz) =

o OO

0
0
0



2.4.Discontinuity Layout Optimisation

Discontinuity Layout Optimisation is a limit analysis approabased on the
Upper Bound Theorem of Limit Analysis and Linear Programmingeleped
by Smith and Gilbert (2007). It allows to identify the criticalylaut of velocity
discontinuities and its associated load factor amongst a largea$gotential
discontinuities in the case of plane strain plasticity. Thdlfset of potential
discontinuities is identi ed by all the lines connecting eaphir of nodes of a
grid superimposed to the domain. This problem is strongly relateth®to the
identi cation of the optimum layout of discrete bars in trusses.ge “Michell’
Trusses) and this aspect was formally identi ed in the past Hegemier and
Prager (1969). The standard DLO formulation is based on a kinemagipraach
but the dual equilibrium formulation can be derived and it'saful for the
application of an adaptive nodal connection procedure.

2.4.1.Analogy with optimal truss layout optimisation

Truss layout optimisation

In order to demonstrate the analogy between the optimal layout afsses
and the basic DLO formulation for a cohesive media the origirmhiulation
for truss optimisation is here revisited.

For a planar truss design problem involvingnodes andm potential truss
bars connecting those nodes, the equilibrium truss layout ofation problem
formulation that allows to achieve the minimum volume can beitten as
follows:

mqin V =c'q (2.103a)

s.t. Bqg = f (2.103b)

qg O; (2.103c)

where V is the volume of the structure,q” = fq;;q, ;0 ;0 Gyg iS

a vector containing tensile and compressive forces, each myative:

c’ = fly= 1;11= 1;15= 2;15= 2:lm= m0, wherel; and ; are respectively the
length and yield stress of each bar B is a suitable(2n 2m) equilibrium

matrix and fT = ffi;f{;f5;f}::fg, wherefX and f) are thex andy

components of the external load applied to nofddj = 1:::n). The presence
of supports at nodes can be accounted for by omitting the reléwarms from

f, together with the corresponding rows frol.

Figure 2.12 (a)-(d) presents the steps involved in setting up and solving a
simple truss layout optimisation problem.
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Figure 2.12: Truss and discontinuity layout optimisation problems: (a) trudesign
domain, loading and support conditions; (b) domain populated withdes; (c) nodes
interconnected with potential truss bars; (d) optimal truss/aut (tensile bars shown in
red; compressive bars shown in blue); (e) plastic analysisalprand loading conditions;
(f) optimal layout of discontinuities at failure, also showingplied movements of the
enclosed solid bodies.



Discontinuity Layout Optimisation

The layout of discontinuities that form at failure in the case of quasi-
statically loaded perfectly cohesive body in plane strain hasn demonstrated
to be analogous to the layout of bars forming an optimal truss (Sméhd
Gilbert (2007)).

The “kinematic' slip-line DLO formulation for a body disciatd usingm
nodal connections (slip-line discontinuities),nodes and a single load case can
be written as follows:

mdin E=g'd (2.104a)
st. Bd=u (2.104b)
d o; (2.104c)

whereE is the total internal energy dissipated due to shearing along tlis-
continuities,d” = fsj;s;;s;;s,:s,0, wheres';s, are non-negative rela-
tive shear displacement jumps between blocks of material gldiscontinuity
i (i=1::m); gT = fcylg; ¢l colo; coloiiiemimg, wherel; and ¢ are respec-
tively the length and associated cohesive shear strength ofodistuity i. B
is a suitable(2n  2m) compatibility matrix andu™ = fu¥;u);u%; ub:ulg,
where uj?‘ and uJy are thex andy components of the (virtual) displacement
jumps imposed at nod¢ (j = 1::n). Figure 2.12 (e)-(f) presents a coarse
nodal discretisation DLO solution to the Prandtl punch problemhich results
in the same optimal layout as for the truss problem describediop R.12a)-
(d); the analogy between truss equilibrium at a node and the catiglity of

displacements of bodies sliding relative to each other istitated in Fig.2.13

2.4.2 Extended Kinematic formulation

The steps for the the DLO procedure are here outlined. First tfthe
domain is discretized using a grid of nodes and each pair of nadesrinected
by potential discontinuities which allows jumps in rate of desgements ().
Then Linear Programming is used to determine the subset of gligsl that are
active in the failure mechanism. From now on for the sake of siaitylthe terms
“dissipation energy' and “displacement' may be used as shndlrespectively
for “rate of energy dissipation' and “rate of displacement'. Huacient number
of nodes is provided, a wide range of potential mechanisms canussiigated.
Given n nodes, the number of connection obtained (mpis (n 1) =2 (Dorn
(1964)) even if this number includes longer overlapping discontiesiithat are
discarded. The kinematic formulation, described in Smithda@ilbert (2007)
is here shown:



qi

qdk
d;

(a) (b)

Figure 2.13: Analogy between nodal equilibrium and compatibility conditions)
truss equilibrium enforced at a node; (b) discontinuity fsline) compatibility condition
enforced at a node, shown here with in nitesimal displacertsemagni ed for sake of
clarity.

Tin ffd= fld+g'p (2.105a)

P

stt Bd=0 (2.105b)
Np d=0 (2.105c)
fld=1 (2.105d)
p O; (2.105e)

where is the live load factor,d is the vector of relative jumps in dis-
placement,p is the vector containing the plastic multipliergy is a vector of
dissipating coe cients,f andf] are respectively the vectors of live and dead
loads,B is the global compatibility matrix andN is the global ow rule matrix.

Compatibility conditions

The failure mechanisms investigated by the kinematic apploace charac-
terized by rigid blocks separated by relative jumps of dispfaents. For each
discontinuity, this displacements have a shear comporggrand a normal com-
ponentn;. In Egn. (2.105H the compatibility in a global form is enforced.

For each discontinuity the compatibility constraint is expsesl in the following
form:

2 3 3

i i UAiy
B-d-:§ g :§ Ual 72 g 2.106
- i n U ( )
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where ; and ; are respectively the x-axis and y-axis direction cosinesHer t
discontinuity i connecting nodes and B, ua; and ug; are the displacement
imposed at nodes. A representation of the compatibility condition a node
is shown in Fig2.14.

Figure 2.14: Compatibility conditions at nodes.

Thus, the global matrix B has dimensiorZn  2m wheren and m are the
number of nodes and discontinuities. It is also important to ndtat compat-
ibility conditions are also enforced at the crossover between discontinuities
in an implicit way as demonstrated in Hawksbee (2012).

Flow rule conditions

Since the upper bound theorem of plasticity is applied, the aule con-
straints must be imposed (Eqn(2.1059), which for a single discontinuity and
for the Mohr-Coulomb criterion with associative friction assuntee following
form:

1 1 pt Si

Nipi di= 0 . tan p? n;

=0 (2.107)
wheretan ; is the coe cient of friction and p; is a vector containing the

plastic multiplier. The global matrix N has dimensio@m 2m wherem is
the number of discontinuities.

47



Energy dissipation

Energy dissipation is considered in the teghp whereg = fg1;02;  ;gmg
has length2m and stores dissipating coe cients. For the Mohr-Coulomb cri-
terion the termg; (for the single discontinuity) can be expressedfag;; cl;g.

Boundary conditions
Here a table resuming the principal boundary condition propestiare
shown.Table2.1.

Table 2.1: Boundary conditions

Internal ener Additional
Boundary type Flow rule rhai energy .
d|$5|pat|on constraint
Free None No No
Rigid/Internal s andn Yes No
Symmetry n Yes* No
Rigid load s andn Yes Eqgn. 2.108
*Energy only dissipated in presence of limiting normal teias or compression at symmetry
boundary.

where the equation regulating rigid loads is the following:

Si = S

n =, 8i;j 2 F (2.108)

and F is a set containing the loaded boundary discontinuities.

Load application
Eqgn. (2.1059 shows that both live loads and dead loads can be applied. Live

loads are collected in the vectdf = ffS;fl;fS;fL;  ;fl g wherefs;fh
are the live and dead loads applied on the i-th discontinuity amilarly dead
load are collected in the vectdg = ffS,;f3;;fS,:f0,; ;0. gwherefS;f5.

wheres and n have the same meaning. Since for the external boundaries dis-
placements jumps must be identical to absolute displacemdotds applied in
such discontinuities can be applied directly. For interneladntinuities instead,
displacement jumps are not absolute and so loads applied wihiody should

be evaluated via summation.

In the case of self weight for example, the load applied on an i@kdisconti-
nuities is the load of the strip of material lying vertically abaveappropriately
redistributed in a shear and a normal component depending onitieénation
of the discontinuity. However the evaluation of the load in suchywes not
e cient and so a new approach that is deepened in theis presented and it's
part of a work currently in review. This new approach is based oae fhct
that for a non-dilational material, due to conservation of voluma normal



displacements at boundaries must sum to zero. This is equntdie say that
the amount of material that ows o from a boundary must ow in at andter
boundary. To compute works done by body forces, it is thus not seeey to
track the movement of material throughout the body but evaluatesthotential
of material that vanishes or appears at boundary and sum thederm the body
force work term. Moreover, it is important to note that shear giacements do
not a ect the volume and so they don't appear in this formulation.

The loss of body force potentid due to a normal body forca acting on
a discontinuity is evaluated as follows:

P=nl(kn Xm+ Ky Ym) (2.109)

where(Xm;Yym) are the coordinates of the mid-point of the discontinuity,is

the material unit weight,| is the length of the discontinuityk, and k, are

respectively the horizontal and vertical accelerations ragton the body (e.g.
to model a seismic force acting on a body dgt= 1 for the live loads and
ky = 1 for the dead loads).

2.4.3.Equilibrium formulation
Duality principles can be used to derive an equivalent elgriilm formulation
that can be expressed as follows:

{nax (2.110a)

s

st. BTt g+ fi= fp (2.110b)
NTqg g (2.110c)

wheret is a vector containing nodal forces} = [ S1; N1;Sy; N2; i Sm; Nm]T
is a vector of discontinuity forces, whe& and N; are shear and normal forces
acting on discontinuityi, and m is the number of members. A better under-
standing of the mathematical meaning of these terms is providgdmith and
Gilbert (2022).

Equation(2.1100 de nes the equilibrium condition, e.g. for discontinuity

2,3
Se\ fS S fs
i i i i tA Li i — Di
+ = 2.111
i i i t5 i N; f5i ( )
ty
B

where ; and ; have the same meaning of the kinematic formulation.
Equation(2.1109 de nes the Mohr-Coulomb yield-criteria that for disconti-
nuity i has the following form:



1 tan S Gilj
1 tan N; Gili (2.112)

Adaptive nodal connection procedure

Here the adaptive nodal connection procedure is explainedtlidiwvs to solve
problems involving an high number of discontinuities startingnfr a core set
and then adding only the necessary elements (i.e. the disooittes that violate
the chosen strength criterion).

First the problem is solved for a low number of potential discouiiies (e.g.
connecting only adjacent nodes) using the primal formulatidq(. (2.1059)
and the nodal forceg at each node is obtained from the compatibility con-
straints. Therefore, the discontinuity force vecteoy in Eqn. (2.1100 for all
potential discontinuities (i.e., discontinuities that are noicluded in the primal
problem) can be obtained. For each of them, the degree of violatiofdm.
(2.110 is evaluated and the most violated are added to the core set anéwa
iteration begins. The iteration process stops when no more disnaities are
added.

Although the number of discontinuities added at each iterationctsosen
via an heuristic procedure, it is shown that the solution ob&ihwith the
adaptive connection procedure is the same obtained by the stethdLO (i.e.
considering all the potential discontinuities).

More information about the adaptive procedure can be founddirwhere a
script for the analysis of plane strain plasticity problemsha®ython is provided
and explained.



3. Application of DLO to ma-
sonry

Contrary to most of the geotechnical problems and metal forming [eois
that frequently involve only translational failure mechanisin the case of in-
teraction between soil and structure or in the case of masonryaural seismic
action rotations must be considered.

3.1.Interaction between soil and structure

In the soil structure interaction, the rotations occur mostly até¢ boundary
between the two elements.

A formulations including rotations rst presented in Gilbert al. (2010) is
here presented. That formulation has been extended aftedsaio consider
rotations within the soil with curved sliplines to analyze esteeity in punch
problems in Smith and Gilbert (2013) but the latter formulation i®nconsid-
ered in this work.

If a rotation between a structural element and the soil is consédeand a
Mohr-Coulomb criterion is adopted, then log-spiral yield lines arsesbed as
shown in Fig.3.1 Considering Fig3.1, the distancery between the center of
rotation and the extremal point b is:

1+ e tan( ); (3.1)

o=

wherel is the length of the segmendB and where is the angle of friction
of soil. If the boundary rotates by an amouht then the e ect is the same as
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Figure 3.1: Log-spiral geometry for a rotation on a discontinuity AB

a rotation! in the midpointM plus an additional dilatiorul! where:

1
u=0:>5 Ave@) (3.2)
Elsewhere, movement can be assumed as purely translaticaientto be equal
to the translation of the segment midpoint (including the dilatial component).
If the material also has cohesiarthen the work done for a relative body rotation
of ! is:
cl?u!
tan

The key formulation is the same as Eqn(2.1095 but vectors and matri-
ces are properly modied as follows. The vector of relative Gispments
becomesd” = fsying;! 1580 N1 o0 ] mQg where! terms are for the ro-
tations, the vector of plastic multipliers is supplementedthwitwo other
terms (2 and p*) and the vector of dissipating coe cients becomeg’ =
fclll;clll;cilizui:tan i;czlz,:"'cml Un=tan n»g. The compatibility condi-
tion for the single discontinuity becomes:

(3.3)

2 L 3
i
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i i =
0 0
Bid; = i § % (3.4)
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And the ow rule constraints may be written in this form:
2 3

2 37 pt 2 3
1 1 0 '2 Si
Nipi dj= 4 tan ; tan ; ul; ul; 5§ p'3 é 40 5=0 (3.5)
0 o 1 1 Ei“ !
i

3.2.Rigid block formulation

A natural application is modelling the masonry directly by nedlihg the joints
even if the possibility to consider the failure of masonry blotksmselves can
be considered is required. In the case of rigid blocks the rotatiocurs at and
endpoint with no associated log-spiral slip-line and so theterm is 0.5 and
no cohesive work within the rigid bodies is done. So the ow rutmstraints
becomes:

2 3203 2 3
1 1 0 0 '2 Si
Nipi di=4tan'; tan'; 3 3| 5§ pgé 4n5=0 (3.6
0 o 1 "1 EQ !
i

The stages in the DLO analysis for the rigid block approach drestitated in
Fig. 3.2
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Figure 3.2: Stages in rigid block DLO procedure (a) starting problem (sdisrand
gravitational body forces applied to block of masonry); (b) distisation of masonry
body using nodes; (c) interconnection of nodes with actual maggnints only; (d)
identi cation of critical subset of potential discontinuitiessing optimisation (discrete
block solution); (e) corresponding collapse kinematics.



3.3.Homogenized representation (periodic)
The homogenized approach allows failure on any plane and thusaisitbe
conventional DLO approach outlined in Fi§.3c, d and e. For the homogenized

r

ANNNN NN NN NNNNN

Figure 3.3: Stages in homogenized DLO procedure (a) starting problem (seisand
gravitational body forces applied to block of masonry); (b) distisation of masonry
body using nodes; (c) interconnection of nodes with all potehti&scontinuities; (d)
identi cation of critical subset of potential discontinuitiessing optimisation (homog-
enized solution); (e) corresponding collapse kinematics;

approach, the formulation seen if2.105 must be extended as follows:

min fld= fld+g'p

subject to:
Bd =0
Np d= (3.7)
fld=1
Qp =
p O

The formulation has been developed starting from the homogenizgar@ach
of (de Buhan and de Felice 1997, Tiberti and Milani 2019). However thenfor
lation involves a more extensive set of plastic multipliers aodrespondingly
more complex matricedl and Q as described by Valentino et al. (2023).



Figure 3.4(a) illustrates the principle of the homogenization approach; in-
stead of modelling individual masonry units, it selects a esgntative volume
element (R.V.E.) to create a compound material that is appliederywhere in
the domain, so a continuum problem can be created. The kinemptaperties
of the R.V.E. is de ned by its rigid rotatiorQ and strain rate tensoD :

D11 D12 .

D : b
D12 Do

(3.8)
where D is a symmetrical matrix of the strain rate tensor at any point of

the domain; D1, D2» and D1, are its independent components relating to,
respectively, horizontal, vertical and shear strains, sé@g B.4(b). The strain

[ PETE -

R.V.E. Dy Doy Dis Q
(b)

Figure 3.4: Homogenization approach: (a) representative volume element (RN
(b) Macroscopic strain rate variablefldD 11; D22; D129 and rigid rotation variable

rate variablesD 11, D2» and D, are linked to DLO displacement variables
n, ! using:

2 2 3
2 3 i 2 i1_2 3
Dis; 2 Si
2|.
gDzz: Z: i 7 72'“ gnié (3.9)
D12 2 2 o2 b
i i L It
) P 2
where = 1is a coe cient introduced to distinguish the two end nodes of

discontinuityi; andD11. , D22 , D12 are their strain rate variables.



Instead of directly imposing ow rules on DLO variables, now tteain rate
variablesD 11; D22; D12 of the R.V.E. are constrained by examining ow rules
for all potential discontinuities within the R.V.E. (see Fig.4):

D12r + D22+ r lelr + D12 j (3108.)
Dr( 1)+ Do+ r( 1) jDuar( 1)+ D1 ] (3.10Db)
D11 jDu2+ J; (3.10c)

where =tan is the coe cient of friction, r is the aspect ratio of masonry
blocks (referred as AR in this work), andis the interlocking ratio. And the
associated energy dissipation within the R.V.E. is written as

c(D11+ D2). (3.11)

where is the internal energy dissipation associated with the streite vari-
ables shown in Fig3.4(b).

By introducing plastic multiplierspy; pz;:::p12 that transform (3.10) into
equality constraints, expressior{8.9), (3.10 and (3.11) can be rewritten to
take the standard DLO form ir{3.7). Interested readers can refer to Valentino
et al. (2023) for details.

The stages in the DLO analysis for the rigid block approach dustitated in
Fig. 3.2



4. Non-periodic masonry

Most of historical heritage buildings are made of masonry. While dJome
prestigious buildings the texture of the masonry is regular, tkiiot true for
most of the cases. Moreover, in the actual realizations, things lsareven more
complex, since in several cases the building has a multifeagonry, with the
exterior curtain characterized by a regular texture, the émrleaf characterized
by irregular textures instead, and the two leaf connected byame of a lling
of (generally) poor quality Anzani et al. (2008); Llorens et al. (202B8nyway,
this kind of masonry will not be considered in the present work.

4.1.Basic classi cation

The current classi cation makes a distinction between peimdand non-
periodic textures. The periodic texture is characterizedbdocks having equal
size and placed in a regular pattern, as shown in Figdréa so that the
position of each block may be determined by a linear combinatiomoftectors
(indicated asv; and vy in the gure).

When dealing with non-periodic masonry textures, we de ne tdicerent
typologies: the rst one is the quasi-periodic texture descdbia Falsone and
Lombardo (2007), given by blocks of dierent size but arranged in such
way that we can identify masonry courses, i.e. the horizontalrtamojoint are
almost aligned, as can be seen in Figdréb; it is worth noting that the blocks
have almost a rectangular shape as in the case of the periodiutex The
second one is the chaotic texture, in which blocks of di erentesare arranged
arbitrarily; moreover, the blocks can have a shape very famfthe rectangular
one (see Figurd.10).
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Figure 4.1: Masonry texture classication: (a) periodic, (b) quasi-pediz, (c)
chaotic.

4.2.Proposed advanced classi cation

An advanced classi cation of the quasi-periodic masonry isehproposed.
A periodic texture can be easily identi ed at sight and the sarholds for a
non-periodic texture but it is not straightforward to classifn irregular texture
and so a simple algorithm is presented (see HEig).

The rst thing is to check at sight if the texture is periodic,hen the hori-
zontality of the mortar bed joints is checked and if this featugenot present
then the texture is chaotic, otherwise the texture is quasrHpdic. Then the
degree of bonding between the courses for the quasi-perioditutexcan be
evaluated. In order to do that, the key idea of minimum lengthtip@across the
masonry panel used in Borri et al. (2020) is adopted and properly neddi

The paths of vertical minimum length along mortar joints are idieed, rst
from the top to the bottom (red lines) and then from the bottom to the top
(blue lines) as in Fig4.2(a) and the mean value of the length of these paths
(pi) is evaluated.

In the process of tracking paths the priority is to draw rst ¢hdescending
paths and then the ascending ones. This reason for this choitteatsthe failure
mechanism involves mostly the upper part of the masonry and sayfmmetry
of that part is more representative of the structural behaviour

The mean local aspect ratio (AR) is then evaluated (de ned th® ratio
between the width and the height of each element) is evaluated geriodic
masonry structure having the same mean aspect ratio is de.ndebr this
periodic texture the length of the pathpp) is evaluated as in Equatiod. 1.

H
with H, w and h de ned in Fig. 4.2(b).
If the ratio between the dimensions of the elements and the wiak is small,

the formula becomes:
+ AR

=H 1
Pp >

(4.2)
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These formulas have been deduced by simple geometrical olissrsand by
merging the concepts of aspect ratio and minimum path length ireeent work
in progress and so they were not in literature.

The valuep is then evaluated; it's de ned as the ratio betwegn and pp.
The value p makes a distinction between an Irregular Bond (1Bl anStretcher
Bond (SB). If the value is lower than 0.8 we are in the rst casechase a
small ratio means the vertical joints are aligned, otherwise #lements are
well staggered and we are in the second case.

In the end, the coe cient of variation of the heights of the courses eévalu-
ated (v) and it can be used as a threshold to make a distinctiotwaen Similar
height Stretcher Bond (SSB) and a Di erent height Stretcher Bor{SB).

A B C D _E _F

(a) (b)

Figure 4.2: Evaluation of the paths through masonry (a) Shortest paths for atjmm
of irregular masonry, (b) Path for a corresponding periodic g with the same mean
aspect ratio

ODVRQU\ ,PDJH

4XDVL SHULRGLF

: 1
1
! [ (YyooxpwH 1
1
| |7KH PHDQ $5 DQG (YDOXDWH WKH :
, WKH SDWKV FRHIILFLHQW RI

T D ng ce TR B I et ey S -
1/ 7KH UDWLR EHWZHHQ KHLIKWV RI WKH 1
I |WKH PHDQ SDWK DQG, FRXUWHV .

| | | |WKH SHULRSLF sDwk| \
<HV 1R ' 1R 1R <hv !
1
N R S J o
( ( \ "LIHUHQW KHLEKRN.ODU Kk
3HULRGLF &KDRWLF ! ‘ 'UUH;’XOﬁU %RQG GWUHWF:THU RAQUEH W F K H |
1 : 6% 66% | ,

Figure 4.3: Proposed classi cation algorithm owchart

4.2.1.Examples of classi cation of textures
Here the classi cation explained in.2 is applied to three di erent textures
in order to show the procedure.
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First of all an image is selected and properly scaled to make @t
unitary. Then the shortest paths are traced and every valsecbllected
(indicated with capital letters in Fig4.4).

SSB texture (Fig. 4.4(a))
The mean local AR of this texture is 1.69 and so the path for a peigo
texture with the same local aspect ratigy) is:

p=Hs H g w_,, 1, 0169

h > o1 > =1:76

The mean of the shortest path evaluated for this texture is:

pi =1:59
so thep value is: 159
Pi :
= —=_—=0:90> 0:80
Ppp 176

that is bigger than 0.8 so the texture is similar to a stretcher lbloand thev
parameter has to be evaluated.

So the height of each course is collected and the mean vafg gnd the
standard deviation () are evaluated:

m = 0:1005
=0:0137
so the coe cient of variation of the height of the coursew) is:

__ 00137
" m  0:1005

so the texture is a Similar height Stretcher Bond or SSB.

=0:1366 = 1366%< 15%

DSB texture (Fig. 4.4(b))
The mean local AR of this texture is 1.71 and so the path for a pdigo
texture with the same local aspect ratigy) is:

w 1 0:171

H
e B w1y =1:60
Po h 2 0:125 2

The mean of the shortest path evaluated for this texture is:
pi =1:58

so thep value is: o
pi 1.5
= —=_—=0:98> 0:80
Ppp  1:60
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(@ A=161,B=164,C=153 D=159, E=157,F=159, G=1.60

(c) A=182,B=1.85C=208 D=1.79, E=1.87 F =207

Figure 4.4: Length of the shortest paths for di erent examples of appliaati of the
classi cation procedure: (a) SSB texture; (b) DSB texturea) IB texture
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that is bigger than 0.8 so the texture is similar to a stretcher lloand thev
parameter has to be evaluated.
So the height of each course is collected and the mean vatag dnd the
standard deviation () are evaluated:
m =0:1238
=0:0241

so the coe cient of variation of the height of the coursew) is:

__ 00241
" m 01238

so the texture is a Di erent height Stretcher Bond or DSB.

=0:1947 = 1947%> 15%

IB texture (Fig. 4.4(c))
The mean local AR of this texture is 3.48 and so the path for a pdido
texture with the same local aspect ratigpy) is:

p=Hs H g w_,, 1, 0348

h 5 o1 5 =2:57

The mean of the shortest path evaluated for this texture is:

pi =1:91
so thep value is: Lot
Pi :
= —=_—=0:74< 0O:
Ppp 257 0 0:80

that is lower than 0.8 so the texture is an Irregular Bond or IB athére's no
need to evaluate ther parameter.

4.3.Script for the generation of quasi-periodic textures

In order to have samples to use in the parametric analysig;rgpshas been
developed. It allows to generate quasi-periodic masonry samgiven this
input parameters:

A~

local aspect ratio AR)

number of elements in the horizontal directiof{)
mean width of the elementsw)

coe cient of variation for the height of the coursesv

coe cient of variation for the width of the elements\{,)



a tolerance parameter that indicates the minimum distanceévween two
vertical mortar joints in adjacent courseg 6l)

For the random generation of the width and the height of the elemeats
lognormal distribution is used. It allows to avoid negative valegen if it has
the drawback of asymmetry of distribution around the mean valugnyway
also the Gaussian distribution has been tested getting rid ajative values
when they occur and the same conclusion can be drawn.

Once the local aspect ratioAR) of the elements and the number of the
elements in the horizontal direction®\R ) are de ned, a window that isKy w)
wide and Nx w AR) high is generated and elements that exceed this borders
are properly cut in order to obtain a rectangular shape. In ortteachieve this,
rst all the height of the courses is generated and the process stafnen the
maximum height is reached and then each course if lled withmedats whose
width is also randomly generated.

For the Irregular Bond (IB) the value of is set to O in order to analyze the
variation just with thev,, parameter that is set to 0.3.

For the Similar height Stretcher Bond (SSB) is set to 0.05 andvy, is set to
0.2
For the Di erent height Stretcher Bond (DSB) is set to 0.2 andvy, is set to
0.2

The tolerance parameter iw/5 for the SSB and DSB while for the IB is 0

(e.g. vertical masonry joints may be aligned). That is summadize Table4.1.

Parameter SSB DSB IB
v 0.05 0.20 0
Vi 0.20 0.20 0.30
Tol w/5 w/5 0

Table 4.1: Parameters used for the generation of quasi-periodic masonry.

4.4.Texture acquisition by images

Every non-periodic masonry has a unique texture and so theuetiah of
the exact arrangement of stones and mortar joints may be di culfor this
reason a method to represent the texture in an analysis modael lse useful.
One way of proceeding is through digital processing of images. Exéute of
the wall can be captured in a image to identify the arrangementte masonry
joints (and consequently the position and shape of each block)/@andome
geometrical parameters necessary to calibrate the homogewizatpproach

In Cavalagli et al. (2013) for example the texture is obtained fromadoar
photograph. Figure4.5(a) shows an example of the conversion from greyscale



image to binary ltered image, in this case used by Cavalagli £t(2013)
to inform an homogenization-based analysis, while in Figyb) the bonding
pattern is automatically identi ed from the binary image via aript, for use in
a rigid block analysis.

(a) (b)

Figure 4.5: Automated acquisition from images: (a) Grey scale image and eiased
binary image obtain by Itering, (b) Equivalent bonding patterobtained

If the masonry facade is plastered instead this approach is raltleiand so
it is necessary to resort to thermographic images. Thermograpimages are
helpful because they allow a masonry bonding pattern to be ufeteed under
a layer of render or other adornment, without the need for damagintrusive
work. In this case part of the electromagnetic radiation emittedm a body (in
the infrared range) depends on the temperature of the body fifsghen a heat
ux passes through the wall, since the thermal conductivity of mao and units
is di erent, the temperature of the two phases will be di eretoo and so the
location of these two elements can be identi ed. Fif}6, extracted from Cluni
et al. (2020), shows the e ect of the digital processing algorithnatitransforms
the thermographic image into a more clear black and white one. I/this is
enough for an assessment of the mechanical properties of the masdar
homogenization, this is not true if the exact pattern of discontities needs to
be represented in the DLO analysis and so the same procedhorersin Fig.4.5
must be used.

Moreover in Cavalagli et al. (2018) the acquisition of images of non-kcio
texture is used to create a statistical equivalent periotigture (see Fig4.7)
and then determine the failure surface and the elastic prdipsr
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(@) (b)

Figure 4.6: (a) Gray-scale image obtained from thermal imaging camera (djck
and white corresponding image

(@) (b)

©

Figure 4.7: Realisation of a statistical equivalent periodic texture @jay-scale image
of a quasi-periodic wall; (b) black and white correspondingage; (c) Statistically
Equivalent Periodic Texture
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5. Parametric analysis

A parametric analysis taking into account several paramgisrconducted. In
Section5.1 three di erent textures, one for each kind described by therremt
classi cation are considered, and the failure load of the panetler a seismic
action is evaluated when the height of the panel (and so the globspett
Ratio) varies.

In Section5.2 other parameters are considered such as the e ect of cohesion
in mortar joints, the e ect of the local Aspect Ratio and the Ea of non-rigid
elements is considered. Since this parameters a ect the outedior all the
texture, a periodic texture is adopted for the sake of simpjién this section.

In Section5.3 for the new classi cation, square shaped panels of periodid an
quasi-periodic textures are analysed both for a rigid blockd an homogenized
DLO formulation in order to asses the in uence of the texture.

Finally in Section5.4 some examples of wall with openings are shown for
di erent kind of textures to show that the same considerationslti also in this
case.

5.1.Variation with the global Aspect Ratio

A parametric analysis with the aim of asses the in uence of tleatures has
been conducted, considering blocks as rigid and cohesionlesgamath asso-
ciative friction. In this section, the former classi cation édcribed in Section
4.1) is considered and so three di erent con gurations of masonry aai&edn in
account.

" a periodic texture, in which equal blocks are arranged acicydo a
periodic pattern, and so it is possible to identify two vecavhich through
a linear combination are able to locate every block.



a quasi-periodic texture, in which blocks can have dieremidth and
height, but they are arranged so that each adjacent block has game
height. So it is possible to identify courses on the texture, arsl ave
continuity on the horizontal mortar joints. The vertical mortajoints
between two adjacent courses cannot be aligned.

a chaotic texture, in which the width and the height of the blocis
random and it is not possible to identify horizontal courses angeno
vertical mortar joints may be aligned.

An example of these texture typologies is shown in Figbire

@) (b) ()

Figure 5.1: Masonry texture examples for the current classi cation: (a)rjalic, (b)
guasi-periodic, (c) chaotic.

For the sake of clarity it is highlighted that in the case of chaot&xture,
the blocks have been reduced to rectangles to simplify thelysis especially
for the future realization of experimental tests. The heightdathe width of
the blocks is then modular, which is not true in general, but ag#iis is due
to the fact that experimental tests on sample walls, realiaedh half height
UNI brick and its subdivision, are in plan Cluni et al. (2019).

For each of them, the variation of the load multiplier,, with the ratio
between the height and the width of the wall is evaluated and tiwesence of
a vertical load above the top row, is considered. Each elementary volume of
the masonrydV is subject to a vertical body force proportional to the specic
weight , dV , and an horizontal body equal to dV . The load g has the
dimension of a force over a surface whereas the body force isca foer unit
volume. The components for dead and live loads body forces arkiaeal for
each potential discontinuity as follows: the weight of the stripnlg above the
discontinuity is evaluated by multiplying the surface fortllensity and then it
is divided into a shear and a normal component depending on thkniation.

In the following we assumed = 1 and unitary thickness of the wall. It is
worth noting that whenq > 0 a load equal toq is applied horizontally on the
top of the wall.

The aim of this parametric analysis was to assess the in ueofcgeometrical
and mechanical parameters involved in the model, so the gegnudithe blocks
has been simpli ed as follows: each block has the shorter dsian equal to
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Figure 5.2: Geometrical parameters of the wall and of the blocks and appitdes.

0.5 and the other one varies from 0.5 to 2 by steps of 0.5 randomly. The
discontinuities are considered to occur only along mortar joings the blocks
are rigid. The geometrical parameters and the forces are showhigure5.2.
The parameteH=W andw=h can also be referred as global Aspect Ratio and
local Aspect ratio (or AR) respectively.

Periodic masonry

For the rst kind of texture, the periodic one, as we may expethtere is
a perfect symmetry of failure mechanism and the same value ef fdilure
multiplier for both directions. Wherg= 0, for H=W values below 1:25 the
mechanism is translational, otherwise the mechanism is rotadi, as can be
also assessed with a simpli ed analytical calculation ($e2.2). For greater
values ofq the threshold between the two mechanisms reduces &screases,
a shown in Figuré.3. It is worth noting that wheng > 0 and horizontal load
equal to q is applied to the top row.

In Figure 5.4 the layout of mortar joints subjected to displacements and
rotations for the caseH=W =2 and g = 0 is shown. For the sake of clarity
it is speci ed that this gure and the following ones in the workhewing the
texture and the failure mechanism are not labelled because dimensions
are expressed in units. Red lines represents relative stisptacements and
green lines represents relative rotations, so each portiomdtsd by these lines
de nes a part of the wall that translates or rotates with respgeo the other
parts. In Figure5.4 (c) for example a great block (from height 2 to height 12)
rotates clockwise with respect to the the basis and other minmations are
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present at a lower height.
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Figure 5.4: Periodic masonry wittH=W = 2: (a) texture, (b) mortar joints with
displacements 6 O for right oriented force, (c) mortar joints with rotationsv 6 O for
right oriented force. (Dimensions expressed in units).

Quasi-periodic masonry

In this case the failure multiplier and the associated layofitrotations and
translations depends on the seismic action orientation, as showFigure5.5.

If the average value between the right and the left outcome is eatdd, a
more regular and signi cant relation is obtained as shown in Fegbi6.

The threshold between the pure translational mechanism anel thtational
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mechanism is not so clean in this case, due to the incompletdigipation
to rotation of the wall width (i.e. local mechanisms). This happs forH=W
between 0.8 and 1.25 in the case@f 0 and it is shown through an example of
the layout of translational and rotational discontinuity for quagseriod masonry,
g =0 and two di erent H=W ratios respectively equal to 1, Figute7, and 2,

Figure5.8.
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Figure 5.7: Quasi-periodic masonry withl=W = 1: (a) texture, (b) layout of dis-
placements §) for right oriented force, (c) layout of rotationsw) for right oriented
force. (Dimensions expressed in units).
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Figure 5.8: Quasi-periodic masonry withi=W = 2: (a) texture, (b) layout of dis-
placements §) for right oriented force, (c) layout of rotationsw) for right oriented
force. (Dimensions expressed in units).

For a more clear view of the outcome, only mortar joints subjecteddis-
placements ans rotations greater than 1% of the maximum valuess@vn.
Moreover, the more irregular layout of discontinuities makes thasanry prone



to a partial failure mechanism. The latter feature isn't ment in the periodic
masonry where the mechanism changes abruptly from pure tréiogial to a
rotational global mechanism. The presence of a load above the wakema
partial rotational mechanisms occur even for small H/W ratioshi¥ is because
this load has an horizontal component that is proportional to thedatself and
not to the mass of the wall and so when the H/W ratio is small, thesseic
action modelled by a body force it is not su cient to cause the attgning but
the contribute of this load is signi cant instead. In other wordbd center of
the mass of the structure moves up due to the mass associatedh¢oldad.

Chaotic masonry

In the case of chaotic masonry, the failure multiplier and layaitrelative
displacements and rotations depends on direction too, since Hisotexture
is not symmetric, as the quasi-periodic one. For this analyaisjngle random
wall with H=W equal to 3 has been generated, and for every smaller height
the top rows have been removed regularizing the upper boundagsemting
an irregular surface due to the presence of non-horizontal nigstanes. Only
the response fog =0 is showed in Figur®.9.
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Figure 5.9: Chaotic masonry, failure multipliers fay = 0: (a) right-oriented force,
(b) left-oriented force.

It may be notice that for chaotic masonry the failure multipliés much
lower, due to the presence of vertical oriented stone eleme&vtigh are easier
to overturn since they slenderness is higher (low values ofdbellaspect ratio
wr/h).

Moreover it is possible to see that in the case of chaotic textufes failure
mechanism involves just a part of the width of the panel even fighhvalues
of H=W. This is showed foH=W = 2 in Figure5.10.

A comparison between the three di erent textures fqr= 0 is showed in the
Figure5.11
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Figure 5.10: Chaotic masonry wittH=W = 2: (a) texture, (b) layout of displace-
ments @) for right oriented force, (c) layout of rotationsw) for right oriented force.
(Dimensions expressed in units).
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Figure 5.11: Comparison of failure multiplier a = O for di erent textures (averaging
the response to left- and right-oriented forces for quasiipdic and chaotic textures).



From the gure itis clear that the e ect of the di erence betweethe periodic
and quasi-periodic textures is relevant just in the traiwsit between translation
and rotation (forH=W values between 1 and 1.4) whereas for higher values of
H=W a global rotational mechanism prevails and so the e ect of shiitithe
vertical mortar joints position can be neglected.

For the sake of completeness it is speci ed that both for the guasriodic
and the chaotic masonry just one sample is tested since the ainmigfgection
was to highlight a general trend between the failure multiplaard the height
of the panel for dierent textures. Of course this work could betended
generating many samples for each height and evaluating thermedues and
the deviation.

5.2.0ther aspects

5.2.1.E ect of cohesion in mortar joints

In the present Section the in uence of cohesion in vertical moijaints, c,
is investigated. In particular, in all the analysis that folla is unitary.

For the sake of simplicity only the case of periodic masonry isnshin the
following gures so that other parameters such as the texturecat in uence
the outcome. When just a translational mechanism is involvea: tnesence of
cohesion provides an increase of the failure multiplier inugrpeoportional to
the wall height (se€.2.2)

When rotational mechanism occurs instead, the increase ddpdrom the
layout of relative displacements and rotations at failure. Irglie 5.12 it is
possible to observe the values of the failure multiplier ¢p= 0. It is also
possible to notice in the same gure that the in uence of cohesiomegligible
for an high global Aspect Ratio, where the mechanism is rotational.
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Figure 5.12: Periodic masonry, failure multiplier for di erent combinatns of cohesion
¢ and internal friction anglée .

When the load on the top increases instead we can see that theepies of



cohesion is negligible due to the arise of rotational mechanism émea small
height/width ratio as explained in SectioB.1. This is visible in Figuré.13
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Figure 5.13: Periodic masonry, failure multiplier far = 1 and a several set of loads
g

5.2.2.E ect of the local Aspect Ratio (AR)

We now take in account the variation of the local Aspect Ratio (AR both
cases of absence and presence of cohesion. Several ratios wesggated with
the following results. For the rst case, see Figubel4g it is observed that a
lower local Aspect RatidAR makes the rotational mechanism occur for a lower
global Aspect RatidH=W ratio due to the tendency of slender elements to be
overturned, as can also be seen in the physical explanatiosexfion at the
end of5.2.2 When cohesion is present instead, see Fighr&dh it appears
that AR does not a ect the solution and the value of tHe=W ratio associated
to the transition from translational to rotational.

We note that the number of rows is constant and therefore the olldraight
of the panel increases dsincreases.

Physical explanation
Two di erent failure mechanism for the wall are considered:

translation of the entire wall slipping over the base;
"~ rotation of a portion of the wall around one of the edge of the base.

In the rotational mechanism, it is assumed that a portion detigdi by a line
inclined of is involved, see Figuré.15 wheretan is equal to the local
Aspect Ratio (AR).

Adopting a Mohr-Coulomb criterion, in the case of translational maotsm
we have that the value of at failure, ¢, is given by
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Figure 5.15: Rotation mode failure mechanism of the wall.



c+(H +gtan’
H +q
(5.1)
In the case of rotational mechanism, we have that the value ddt failure,
r, IS given by

WHt WHt + qWt
+q c+ ——————ta

Wit Wit nto) xS

W Ad g+ g%

(ANg*aH)= Adgray) o= gE (52)

whereA is the area of the portion of the wall involved in the rotation and
(dn; hg) locate its centroid with respect to the pivot point:

~_ W(E@H Wtan )

A > (5.3)
W3H W tan
dg = 32H Wtan (5.4)
H
hg = > + dgtan (5.5)

Inthecase =1,t=1,c=0,g=0 andtan = AR =4 we have that

r = (forH=W  1:24, while withq= 10 we have ; = , forH=W  1.06,
showing that asg increases the transition point decreases.

The values of { and , with the previously used values of t, g, ¢ and
tan are shown in Figur®.16

5.2.3.E ect of non-rigid elements

In all the previous mentioned models the cracks were supposeddar only
along mortar joints, so a rigid block approach was considered dusdefore only
the properties of mortar were considered. If the hypothesis of rigitt blocks
is considered instead, more potential discontinuities havéoéomodelled with
di erent properties from the already present ones within theobks. In a rst
step, a periodic masonry is considered, and the new disconiggsuare selected
to be just vertical and in the middle of the stone elements. Thenguration
is shown in Figuré.17: blue lines represents mortar joints and the green ones
the new potential discontinuities considered. A grid with joirggacedl:0 in
horizontal and0:5 in vertical directions is used.

A Mohr-Coulomb criterion is adopted also to describe the stone elgme
Several combinations of cohesion and friction for the blocks hasenbconsid-
ered, letting the properties of the mortar constant € 0 andtan(' ) = 0:65).
The variation of the failure multiplier with these two paranets has been anal-
ysed in two di erent plots, as shown in Figuf@ 18 for H=W =4=3 andq=0
, and it led to some expected considerations.
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Figure 5.16: Values of ; and  for various values ofl=W and two di erent values
of q.

Figure 5.17: Potential discontinuities assuming non-rigid blocks: blueefimrepresent
discontinuities belonging to mortar joints and the green ones aliginuities within the
blocks. (Dimensions expressed in units).
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Figure 5.18: Periodic masonry, failure multiplier for di erent values obleesionc and
internal friction angle' of the blocks: (a) e ect of variation of for di erent values
of ¢, (b) e ect of variation of c for di erent values of' .

First of all, the failure multiplier cannot be higher than in tlease of non-rigid
blocks since adding more potential discontinuities can onbdl¢éo a decrease
of energy required for the mechanism activation. As we may epelaen the
mechanical properties of the stone elements are way better thian mortar
joints ones, the failure multiplier doesn't change from the poais case and the
mechanism will a ect only mortar joints. Vice versa when thgz®perties are
close to the mortar joints ones, the masonry panel is equivalerd tayid stones
panel with half-length stone elements and with vertical maerfaints aligned.
That can bring to a relevant decrease on the failure multipli@etween these
extreme cases, it is straightforward to notice that the failuraultiplier increases
both with stones cohesion and friction as expected. Moreover theiémce of
cohesion seems greater than the in uence of friction.

To assess the in uence of the mesh used for the identi cation loé tpotential
discontinuities, a re ned discretisation is also considerex ahe di erence in
terms of results with the latter one are discussed. In partécyla grid with
dimension of0:25 both in horizontal and in vertical direction is used, as shown
in Figure5.19

This new con guration leads to results that are extremely closetie prece-
dent discretisation ones, see Figuse20, except when brick cohesion is equal
to O.

5.3.Quasi-periodic masonry investigation for squareeshppnels

In this section, square shaped panels samples (i.e. globaldpatio =1)
are generated as explained in Sectib and so they follow the new classi ca-
tion (Section4.2).

For the analysis both the rigid block approach and the homogenizattin-
uum approach are adopted, in order to test their suitability.



Figure 5.19: Potential discontinuities assuming non-rigid blocks with a rea dis-
cretisation: blue lines represents discontinuities belongiognortar joints and the
green ones discontinuities within the blocks. (Dimensions esped in units).
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Figure 5.20: Periodic masonry, failure multiplier for di erent values obleesionc and
internal friction angle' of the blocks: (a) e ect of variation of for di erent values
of ¢, (b) e ect of variation of c for di erent values of' .



5.3.1.Discretisation methods for homogenization

Since the homogenized method has been developed for the petiextiare,
a way to adapt it to non-periodic texture must be found. For a noerpdic
texture both the distribution of the mortar joints and the localspect Ratio
vary throughout the panel. In this study it has been decided tdedé the
variation of the local Aspect Ratio via several discretisatingethods explained
below.

Statistical methods

The non-periodicity in masonry walls can be converted into eglént peri-
odicity via statistical means. Statistical methods provideneans of converting
non-periodic masonry walls into periodic problems that are able via the
homogenized DLO formulation. Here three approaches are proposed.

~

Uniform aspect ratio, Fig5.21(b). An equivalent periodic masonry wall
is assumed, with block aspect ratio calculated as the medue/@f the
local aspect ratio of all blocks in a non-periodic masonry wall.

Strati cation, Fig. 5.21(c). The panel is divided into horizontal layers,
where mean local aspect ratio is calculated in each layer.

Sub-regions, Fig5.21(d). Similar to strati cation, the panel is divided
into prede ned sub-regions instead. After discussing some aithe
decision was to consider only the elements that are totally ideld into
the region for the evaluation of the mean Aspect Ratio.This methody
be seen as the uniform aspect ratio method applied for dirrearts of
the panel and it is useful to have an insight about the relatiortvizen
number of elements and number of regions requested.

HHHH

(@) (b) (© (d)

Figure 5.21: Statistical methods to convert a non-periodic masonry into aipdic
problem for homogenized approach: (a) a non-periodic masonry allising uniform
aspect ratio in the entire domain; (c) strati ed via multipllyers; (d) using sub-regions
(four in this case)

Methods that map the Aspect Ratio
In this approach, the DLO homogenization method is adapted sudt the
aspect ratio AR) used in the computation of the parameters for any given



discontinuity is based on an average aspect ratio determinednfits path
through the masonry texture. Fig5.22a) illustrates example discrete block
layouts of a masonry panel, and a series of grid points on a square Jid.
each grid point is assigned the aspect ratio of the block in whichesides.
Bilinear interpolation of the aspect ratio is then applied witheach grid square
giving contour plots as shown in Fig.22b). An average aspect ratidR for
a discontinuity is then computed by integrating the interpoldtealues of AR
along the discontinuity and dividing by the discontinuity length) as follows:

1 ‘L

AR = — AR dI (5.6)
L o

The value ofAR is then used in equatio(3.10 in the homogenised formulation.
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Figure 5.22: Method that maps the Aspect Ratio for a 30x30 rectangular grid: (a)
Layout of elements and superimposed grid for courses with variapeét Ratio; (b)
Linear interpolated map of Aspect Ratio through the panel for csrg with various
Aspect Ratio. Note that the discretisation leads to sharp gradgebetween di erent
aspect ratio blocks

5.3.2.Horizontal loading on plane masonry walls

Example of application

Here all methods described in Sectiér3.1 are applied to a sample of ma-
sonry to provide a clear image of the outcomes. The texture is geeerat
through a script (seet.3 for a detailed explanation).

For the example an Irregular Bond texture of AR = 3 having appmoately
8x24 elements is chosen. The coe cient of friction used is 0.75 ane tohesion
is 0. Results are shown in Tabel

In all the homogenized models, the AR value is visually asseditt a certain
brown color intensity. The more bright the colour is, the lesslig tvalue of the
aspect ratio. It is worth notice that the homogenized solution is épe&ndent



from the number of the elements and the results will be more closthe rigid
models when the number of elements increases as it will be sHmiow.

Parametric analysis

First, two cases of square shaped walls are considered andtsesa shown
in Table 5.2 and Table5.3. The aspect ratio of the wall is 3 and the number
of elements varies from 4x12 to 16x48. The coe cient of friction used ig®.
and the cohesion is 0.

For each table, ve dierent samples for each kind of textureeaanalysed
and for each of them both the right and the left orientated seisnaiction is
considered for an amount of 10 failure multipliers. Then, methatk ned in
Section5.3.1 are applied and the minimum, maximum and mean values are
shown.

Rigid block models with associative friction are also congdeaind results are
compared to the homogeneous methods. Di erences between methoglthen

discussed to point out that some methods are suited for certartaires and
others are not.

The irregular bond has the lower values for the failure muiléipbhs expected
and the mean value is always lower than the periodic one. Lemehts samples
have a high variability between the minimum and the maximumuea Low
elements samples also have an high variability compared t#rédic texture
the 4x12 sample with aspect ratio 3 seems to be the more semsitivan
irregular texture since also the maximum values are lowemtliae periodic
values.

Since a pattern shows that the texture is negligible when theesion of
the elements is small compared to the size of the wall, anothealysis has
been carried on, making the number of the elements increase pssgrely and
collecting the results for a rigid block analysis.

For this purpose, square walls with aspect ratio 3 are congidethe number
of elements varies from 4x12 to 20x60 and for each texture the minimtna
maximum and the mean values of 5 samples randomly generatedvaiaated.
Mean values are shown in Fi§.23 and it is clear that the Irregular Bond has
generally the lowest value of the failure multiplier.

This is because for the SSB and the DSB texture, exchangingottaer of the
courses has an e ect when the single case is considered as simotig.i5.24
but when several samples are analysed and the mean valueaisated, the
e ect of variation with respect to the periodic texture is negible as shown in
Fig. 5.25for the DSB case. It is possible to notice that the mean valuestlie
DSB texture almost overlap the periodic outcome except when fésments
are involved.

In Fig. 5.26 comparison between methods and textures are shown. The \uni-
form AR" curve is obtained through the regions method for just ongiom.
The \original AR" curve instead is the curve corresponding tethspect ratio



Chapter 5. Parametric analysis

Table 5.1: Horizontal loading on plane masonry walls: Example of applicatmut-
come for all the methods for both seismic direction orientation

Dir. rigid strati cation uniform AR 2X2 regions
left
= 0:5592 =0:5087 =0:4823 =0:4876
right
=0:6105 =0:5087 =0:4823 =0:4836
Dir. 3x3 regions 10x10 maps 20x20 maps
left
=0:4786
NN
N\ |
right . “\

N\

=0:4804

84



Table 5.2: Horizontal loading on plane masonry walls: Parametric analysis
Square wall with AR 3 and 16x48 elements.

For each texture 5 samples and both seismic action orientatienansidered and the
minimum, maximum and mean values of the failure multipliee ahown

Homogenized

Texture Rigid
: Aspect
Uniform Sub- ratio
blocks aspect Stratif. . .
: regions mapping
ratio
method
(2x2) (10x10)
0.4926 0.4940
Periodic 0.5455 0.4924 0.6863

(3x3)  (20x20)
0.4951  0.4942

SSB-min  0.5441 (2x2)  (10x10)
0.4935  0.4928

SSB-max 0.5541 0.4924 0.7123

(3x3)  (20x20)
SSB-mean  0.5505 0.5029  0.4931

DSB-min  0.5348 (2x2)  (10x10)
0.4963  0.4955

DSB-max 05629  0.4924  0.7239
(3x3)  (20x20)

DSB-mean  0.5472 0.5029 0.4873
IB-min 0.5264 (2x2) (10x10)

0.4902 0.4596
IB-max 0.5555 0.4924 0.7069

(3x3) (20x20)
IB-mean 0.5424 0.4909 0.4985




Table 5.3: Horizontal loading on plane masonry walls: Parametric analysis
Square wall with AR 3 and 4x12 elements.

For each texture 5 samples and both seismic action orientatienansidered and the
minimum, maximum and mean values of the failure multipliee ahown

Homogenized

Texture Rigid
: Joint
Uniform Sub- osition
blocks aspect  Stratic. . P .
: regions mapping
ratio
methods
(2x2) (10x10)
0.4776 0.4871
Periodic 0.712 0.4924 0.5048

(3x3)  (20x20)
0.4592  0.4908

SSB-min  0.6358 (2x2)  (10x10)
0.4640  0.4745

SSB-max  0.7299  0.4924  0.5146
(3x3)  (20x20)
SSB-mean  0.6879 0.4382  0.4719

DSB-min  0.6568 (2x2)  (10x10)
0.4536  0.4813

DSB-max  0.7069  0.4924  0.4951
(3x3)  (20x20)
DSB-mean  0.6806 0.3936  0.4839

IB-min 0.5951 (2x2) (10x10)
0.4617 0.4304

IB-max 0.7026 0.4924 0.5239
(3x3) (20x20)
IB-mean 0.6415 0.4398 0.4216




Figure 5.23: Horizontal loading on plane masonry walls: Parametric analysis
Comparison between textures for a rigid block analysis wittoaggive friction.
SSB = Similar height Stretcher Bond texture

DSB = Di erent height Stretcher Bond texture

IB = Irregular Bond texture

@ (b) (c)

Figure 5.24: Rigid block analysis for a DSB texture and three dierent ordef
courses

(a) First order: Failure multiplier = 0.516; (b) Second order: Haie multiplier =
0.5376; (c) Third order: Failure multiplier = 0.499



Figure 5.25: Comparison between the mean, the minimum and the maximum value
for the DSB texture and the periodic outcome.

chosen at the beginning as input for the sample generation scrljtis values
aren't the same for the presence of boundary elements that gahehave a
lower AR and so they globally reduce the AR evaluated in the regimodels.
This e ect becomes negligible for an high number of elements stheee ect of

boundary elements is less important. The strati cation methoeturns values
that are always above the \original AR" values. The sub-regionghod with 4

regions (2x2) rapidly converges to the value of the uniform aspetib rmethod

when the number of elements increases since each region contzons ele-
ments and so mapping irregularities and di erent aspect oatiis less e ective.
For this reason in the case of 9 regions (3x3) for a small humber of etdsn
we have a value that is far from the "original AR" value. It may betite that

in this case, even for a small number of elements the failurdtiplier rapidly

tend to the value of the \original AR".

Moreover, in this graphs the mean value between the right oridraed the
left oriented seismic force is shown, since when samplebuaitein this way the
outcome is not highly dependent on the direction. The texture thabws the
higher dependence on the direction is the IB for which the dimreutcome is
shown in Fig.5.27.

Non-uniform distribution of the Aspect Ratio

In the previous section a parametric analysis was carried ortistafrom
samples randomly generated through a script. This has 2 imphecest rst,
the AR of the elements is homogeneously distributed throughout thegband
second, when the number of elements is very high, the mean ARtexill
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Figure 5.26: Horizontal loading on plane masonry walls: Parametric analysis
(a) comparison between methods for a SSB texture; (b) comparibetween methods
for a DSB texture; (c) comparison between methods for an 1B teet



Figure 5.27: Horizontal loading on plane masonry walls: Parametric analysis
Dependence on the orientation for the IB texture

to the "original AR" value. Existing masonry instead does not ajw have
this feature because it is often formed by elements with certealues of the
AR that are not smeared throughout the panel but they have a certgpatial
correlation due to the builder decisions and necessities. #s¢hcases, using a
uniform AR or regions that are not representative of the problemyniead to
an incorrect result. To overcome this problem, there are two plolsssolutions.
The rst one is increasing the number of regions until they prowde correct
representation of the problem and the second one is using a methatirmaps
the AR. A straightforward example is presented in this sectitmoutline how
with the second method is not necessary to know in advance tk&illution of
the AR in the panel because it will be automatically detectgdebgrid and the
AR will be de ned continuously by linear interpolation. It corsisn a panel
that has the top right quarter of mean AR 1 and the rest of mean AR 3. An
example for the equivalent 12x36 number of nodes of the previousoseis
shown in Fig.5.28

In this case it is easy to individuate the minimum number of sabions
necessary to discretize the problem accurately is a 2x2 but imega, if the
distribution and the shape of inclusions is not so neat, a prehgsia is necessary,
increasing the number of regions gradually to see when it ts thelgpem as
will be shown in the Fig5.29 for this simple case. Moreover, it should be
notice that if we reduce the size of the windows too much we wivays nd
di erence in the mean aspect ratio because the number of tharents within
the regions will be low and not representative of the original AR fué panel.
The results for an IB textures are shown in Fig.30 Due to the asymmetry of



Figure 5.28: Non-uniform distribution of the Aspect Ratio: 12x36 Irregular Bond
masonry with a quarter part with di erent AR.
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Figure 5.29: Non-uniform distribution of the Aspect Ratio: Increasing nunnbef
elements to catch geometrical imbalances in the AR distribati (a) 2x2 regions; (b)
3x3 regions; (c) 5x5 regions
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Figure 5.30: Non-uniform distribution of the Aspect Ratio: IB texture masonut-
come for both directions: (a) sub-regions method; (b) method thaaps the AR

R = sub-regions method

M = method that maps the AR



the problem, the mean value of each method is meaningless andishelear
from the graphs. For the left oriented seismic action, since tég part of the
masonry has a meaAR = 3 as most of the masonry, the outcome for both
methods is close to the Uniform AR method. For the right oriethteeismic
action instead, the outcome is close to the failure multiplier betpanel if we
assume that the AR is the one of the quarter masonry on the top rightsi
the mechanism involves that part. As said before, in this ctse sub-regions
method seems to be more accurate but it's because of the switplof this
example. The method that maps the AR instead seems to be maorgtable
but that is because it can also catch local mechanisms thajuiee less energy
to activate.

Example of application for a true chaotic texture

In this section a simple application of a very chaotic texturedslieessed. The
actual texture is shown in Figh.31and it has been simpli ed by using segments
representing the mortar joints in the rigid block model. Theid block analysis

Figure 5.31: Example of a chaotic texture

outcome is shown in Figh.32Currently the homogenized models are not applied
in this case since a simple modi cation of the local Aspectoatiroughout the
wall cannot catch all the aspects that such kind of textures fzaml moreover
the Aspect Ratio concept applied to shape that are far from lgefectangular

is not very accurate.

5.4.Application to walls with openings

Ferris Tin-Loi wall

Three di erent change in the geometry with respect to the periodine are
considered and an example is shown for the Ferris Tin-Loi c&seris and
Tin-Loi (2001)) (see Fig.5.33a)) in which each block had dimensions 4 x
1.75 units, the coe cient of friction is 0.75 and cohesion is O .
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Figure 5.32: Rigid block outcome for the chaotic texture
(a) left oriented seismic action, Failure multiplier = 0.527; Xbight oriented seismic
action, Failure multiplier = 0.470.

Irregular bond textures with the same mean aspect ratio
A simple way to achieve it is by shifting the vertical mortaints in each row
leaving the number of elements per row unmodi ed.
An example of irregular bond is generated randomly shifting thetiea mortar
joints Fig. 5.33b). Red dashed lines indicate an alignment of vertical mortar
joints.
The failure multiplier will be lower when mortar joints aregiled, especially if
they are aligned in a way that they form a narrow ladder orighia the same
direction as the seismic action as shown in Fig34(b).

SSB-DSB textures with course dependent aspect ratio
Samples are easily generated by shifting the horizontal nmrojpénts leaving
the vertical mortar joints unchanged as in Fi§.33c).
In this case the aspect ratio of each course will be di erent fréime others.
The expectation is to obtain results close to the original peitodexture,
sometimes with an higher failure multiplier as in Fig.34(c) and sometimes
with a lower one.

A combination of previous textures
In the end a combination of the rst two approaches is tested Fig33d).
A texture so generated should show higher di erences with respe the pe-
riodic one as shown in Figh.34(d).
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Figure 5.33: Wall with openings, Ferris Tin-Loi wall : (a) Ferris Tin-Loi onwgil
texture (b) Irregular bond texture; (c) SSB/DSB texture; (d) Cobination of the
previous textures
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Figure 5.34: Wall with openings, Ferris Tin-Loi wall : results obtained fromxteres
in Fig. 5.33 (@) Failure multiplier = 0.4037; (b) Failure multiplier = 0.3722; (c) &ilure
multiplier = 0.3741; (d) Failure multiplier = 0.4069; (e) Homogenized soloti, Failure
multiplier = 0.2872



Facade with openings

As a real case application, the masonry facade with openingsyaedlin
Valentino et al. (2023) is chosen, and the above mentioned changesh¢o t
texture are applied. In the periodic case each block has dgiters 0.6 x 0.3 m
and so the aspect ratio is 2. The facade is 9.0 x 10.8 m and it has senimgs
all with dimensions 1.2 x 2.1 m.
In this analysis the coe cient of friction assumed is 0.65 and tkehesion is
0. For the Irregular Bond texture (IB), the joints are shifted imder to make
the block overlap for a tenth of their width. For the Di erent $tcher Bond
textures (DSB) the height of two adjacent courses are modi ed imgreasing
or decreasing the value by 40 %. Two dierent DSB texture are geated,
by inverting the course reduced in height with the course inseshin height.
These two textures are called DSB1 and DSB2. The combinatioriuex has
been generated as explained in the previous section.

Seismic action

Here the eect of a seismic action is considered. The outcome foe th
periodic texture is shown in Fig5.3%a) for the rigid block model and in
Fig. 5.35b) for the homogenized model. For the DSB textures, only the
right mechanism is shown since the texture it's symmetricy fbe IB and
the combinations textures both seismic orientation are showrng(F.35c,
d)). It is possible to notice from Fig5.35e, f) that also in this case,
the Irregular Bond has the weakest structural behaviour while tDSB
textures have a similar failure multiplier. The combinatiotextures inherit
the weak behaviour from the IB and in fact the Failure multiplis close to
that value and lower than the periodic and the DSB as shownim 5.35g, h).

Rigid settlement
Here the e ect of a rigid settlement is considered. The outcometfwe periodic
texture is shown in Fig5.36a) for the rigid block model and in Fig5.36b)
for the homogenized model. For the same reasons of the seismi¢ tes®SB
textures outcome is presented just for one orientation. in theB1Sexture there
is a signi cant decrease of the failure multiplier, that is nat ected in DSB2,
showing that changing the order of the rows may lead to a certeamiation,
this is shown in Fig5.36(c, d). The IB has again the weakest behaviour and
it may be noticed that in this case also the failure mechanisorientation
dependent, in Fig5.36(e) for example, a crack occurs in the outer part of the
upper opening while in Figh.36(f) it occur in the inner part. The combination
textures outcome, as in the previous application, are quite Eimio the IB
outcome, both in terms of failure multiplier and failure mechsmi, as shown
in Fig. 5.36 (g, h).
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Figure 5.35: Facade with openings: results for the dierent textures for aisnic
action, (a) Periodic texture, Failure multiplier = 0.2845; (b) Homogized solution,
Failure multiplier = 0.2394 (c) DSB1, Failure multiplier = 0.2851; (d) B2, Failure
multiplier = 0.2839; (e) IB (left orientation), Failure multiplie= 0.2593 ; (f) IB (right
orientation), Failure multiplier = 0.2603 ; (g) Combination (left @ntation), Failure
multiplier = 0.2601 ; (h) Combination (right orientation), Failure mitiplier = 0.2611



@)

(b) (© (d)

(e) ()

) (h)

Figure 5.36: Facade with openings: results for the di erent textures for igid set-
tlement, (a) Periodic texture, Failure multiplier = 0.5918; (b) Hoogenized solution,
Failure multiplier = 0.4549; (c) DSB1, Failure multiplier = 0.6354; (d) B2, Failure
multiplier = 0.5928; (e) IB (left orientation), Failure multiplie= 0.5228; (f) IB (right
orientation), Failure multiplier = 0.5541 ; (g) Combination (left a@ntation), Failure
multiplier = 0.5232 ; (h) Combination (right orientation), Failure mitiplier = 0.5470



5.5.Discussion

Discontinuity Layout Optimization has been applied to di eretextures in
order to outline their in uence. The rigid block analysis ispable of considering
the e ective texture and also the size of the elements and sasithe more
representative method to describe the behaviour of such idagmasonry.
Anyway the results obtained overestimates the failure miikipand for an high
number of elements it may be cumbersome.

Homogenized method instead are independent on the size of theszlenand
the result is more accurate when the stones are e ectively anmistructure for
the wall (i.e. when the size of the wall is way bigger than the s®néMoreover
they also provide a safe lower bound and so when the wall has@mnrumber
of elements they can be useful and give a rapid answers by sikipying
the mean Aspect Ratio of the wall or the Aspect ratio of portion dfet wall
depending on the method.

If a masonry panel has a small number of elements (up t@8 elements), the
sub-regions method better detects the irregular distributidfiowever for all of
the homogenization approaches, the failure multiplier is sigandy lower than
the rigid block model except when the failure mechanism ingslene element,
in this case the outcome is not representative of the structurahaviour of the
panel.

A Masonry that has a localized distribution of the Aspect Rationdae ad-
dressed by more advanced methods such the method that mapsAtbpect
Ratio. However these methods only have degree of value at cerggiresen-
tative lengths. If the mapping is taken to the level of indivalumasonry units
then it appears there is little advantage over explicitly mbidg these units
using a rigid block approach.

If the masonry shows a localized distribution of the Aspect Batind this
may happen for the historical masonry, the dependence on threctpn is
too high and the Uniform Aspect Ratio will fail to provide a cect solution.
Moreover, for the sub-regions method it is necessary to know imaade the
optimal number of regions to catch this localization.

The Method that maps the Aspect Ratio instead automaticallytelets the
position of the elements and it is useful for overcome this issue.

In the subsectiorb.4 there is only an homogenized model for all the texture.
This is mainly due to the fact that the irregular textures webalilt manually
following simple rules that leads to an unaltered mean AspRatio. For this
particular cases it seems that only the method that maps th@ést Ratio would
individuate di erence between textures but this aspectiwibt be addressed in
this work. In existing and in random generated masonry instedidgrence
between the textures are detected also by simple regions hompggmethods
as in Fig.5.26

Advantage of DLO is that can directly mix homogenised and discrated-
elling if there are distinct masonry patterns to be captured.



A possible future extension of the adaptive solution also for tbenbgenized
masonry will further reduce the time of analysis.



6. FEM comparison

In this chapter a comparison between DLO rigid blocks limit :3&8 and a
FE analysis is carried out. For the comparison two textures hlagen chosen,
a Periodic texture and an Irregular Bond texture both having abthe same
number of elements (8x24). Square panels are chosen (&3nand the local
Aspect Ratio (AR) is 3 (exact for the periodic texture and nmeéor the IB
texture). In the end also a chaotic like texture is tested irder to show that
also for more complicated textures the method provides valeabsults.

6.1.FE model characteristics

The FE model has been developed in Abaqus (Smith (2009)) sincéoivalto
model contact surfaces in a simple yet e ective way. Moreovés i well known
software for FE analysis and so its reliability has been dermatexd by several
authors. In this section the main characteristics are disags The model is
assembled combining stone elements modelled with an elasitoopic material
and frictional contact interfaces. The elastic material hasurig moduleE =
5800MP a and a Poisson ratio = 0:2. The density is assumed as unitary since
it does not in uence the analysis in case of pure frictional bebar of joints.

This block elements are then assembled using frictional riatees having
coe cient of friction tan = 0:75. For the tangential behaviour of the contacts
the friction formulation is set as "Penalty" and the no limit on shr stress is
imposed. For the normal behaviour a "hard contact” type is choserd &0
interpenetration of the blocks is not allowed. The lower part dfet panel is
xed linking the displacement to a master node.

For the analysis, a single step of 1 second is de ned even if itymmt®lic
since the load is applied with a quasi-static approach and spadlyic e ects



are not considered. The gravity load is applied instantly whertree horizontal
body force is applied linearly in the time interval from a nudllue to the value
of 1g.

For the mesh a 4-node bi-linear plane stress quadrilateréh weduced in-
tegration and hourglass control element is adopted (CPS4R). The netsh is
about 12 mm and in any case not less then a tenth of the size of the eftem

6.2.Comparison results
The periodic texture and the Irregular Bond texture randomly geated are
shown respectively in Figh.1(a) and Fig. 6.1(b). The solution obtained for

(@) (b)

Figure 6.1: Texture of the samples used for the comparison with the FE modgls;
8x24 elements periodic texture, (a) 8x24 elements Irregular Bondute

the periodic texture by means of DLO is shown in Fig2(a) and the failure
multiplier is 0.6143. The solution obtained for the same texture byame of
the Finite Element analysis is shown in Fig.2(b). To evaluate the value of
the horizontal acceleration that causes failure the followiegsoning has been
adopted.

The shear and normal reaction forces of the wall at its basis evaluated
in time (named asRF 1 and RF 2 respectively). While the normal reaction
is constant in time since gravity is applied instantly and nwrer it is slight
in uenced by the failure mechanism, the shear reaction iases linearly with
time until the rst crack occurs and it becomes constant wheteetwall reaches
its failure.

So, since the horizontal acceleration is applied in a step of bséand it
goes from 0 to 1g, the time step also indicated the horizontal aexion in
terms of g and since the vertical acceleration is constant angdligd instantly
it also coincides with the load factor.

The trend of the shear reaction forceRf 1) vs the load factor () for the



@) (b)

Figure 6.2: Comparison between models for the periodic texture; (a) DLOtmod,
failure multiplier = 0.614 (b) FE method, crack opening load facte 0.608

periodic texture is shown in Figs.3. The blue dots represent!F 1 values eval-

Figure 6.3: Shear reaction forc®F 1 VS load factor for the periodic texture

uated for each step time and they are closer in the left part of diagram since
Abaqus reduced gradually the time step in order to have a bretenvergence



and accuracy.

These points are then tted with a polynomial curve of degree 4 wih
coe cient of determination R? = 0:97 (red curve). The derivative of this
tted curve is evaluated, and the slope of the rst part is obtaed.

Since the loss of shear reaction force is gradual, a method totifyetne load
factor associated to the rst crack is necessary. For thisrpose, the slope of
the rst part of the diagram is evaluated (i.e. the maximum slgpend the rst
crack is associated to a loss 5% of the maximum slope and it's individuated
in Fig. 6.3 by a vertical yellow line.

To evaluate the ultimate load factor rst the hypothesis of thedtor as-
sociated to the highest value d®F 1 was adopted (individuated by the black
vertical line) but if the un tted plot is observed it is clear #t at that point the
solution is already unstable and out of the physical meaning. R teason as
ultimate load factor is considered the point where the graphgtstédbecoming
unstable and this value is individuated by the vertical agarline. The value
for this ultimate load factor for the periodic texture is 0.785.

Anyway, since the limit analysis individuates the beginnioigthe failure
mechanism and not its evolution, the failure multiplier of obtadgh by DLO
must be compared to the load factor associated to the opening @& thacks
that in the FE analysis is 0.608 that is a good agreement since in Dh®©
solution is was 0.614.

So the failure mechanism for the FE analysis shown in Eig.(b) is obtained
for a load factor = 0.608 and it is displayed with the aid of a gradietiowing the
absolute displacements and vectors showing their directidhe line between
the displacements indicated by the yellow color and thosedattid by the green
color matches the main crack of the DLO mechanism (Fég2 (a)) quite well.

The comparison for the failure mechanism at the opening of theckrand
at the ultimate load factor is shown in Fig5.4. For the Irregular Bond texture
the same procedure has been carried on. The solution obtainethélrregular
Bond texture by means of DLO is shown in Figg2(a) and the failure multiplier
is 0.583. The solution obtained for the same texture by means of thatéin
Element analysis is shown in Fi§.5(b).

The trend of the shear reaction forceRf 1) vs the load factor () for the
Irregular Bond texture is shown in Fig.6. This time the polynomial interpo-
lation of the same order has a coe cient of determinatidR? = 0:68 due to
the high scattering of the last part where the FE analysis diys. Anyway it
has been tested that if those values are eliminated and th¢ oéshe plot if
tted the results are similar and so the full analysis is shoWere for the sake
of completeness.

In this case the crack load factor evaluated is 0.551 and it's loth&an the
periodic texture crack factor as it happens for the DLO arsidy

Also the ultimate load factor (0.675) is lower than the periodic of@e785)
and this con rms that the Irregular bond texture has a lower sBis capacity



(@) (b)

Figure 6.4: Comparison between FEM failure mechanism for the periodit¢uiexfor
two di erent load factors; (a) crack opening load factor = 0.608 , Ytultimate load
factor = 0.785

(@) (b)

Figure 6.5: Comparison between models for the Irregular Bond texture; (a)(DL
method, failure multiplier = 0.583 (b) FE method, crack openingald factor = 0.551



Figure 6.6: Shear reaction forc&F 1 VS load factor for the Irregular Bond texture

and it's more subjected to instability,

If the failure mechanisms are compared there is a clear agraeinetween
the DLO analysis and the FE analysis. The only di erence is fbim a local
failure mechanism that involves the upper right part of the FE ced Anyway
it is reasonable to state that the detachment of that part woulethin uence
a lot the shear reaction force at the basis of the wall.

The comparison for the failure mechanism at the opening of theckrand
at the ultimate load factor is shown in Figb.7.

6.2.1.Case of chaotic masonry

Also the case of a simple chaotic texture realised with eqeatectangular
shaped elements as in Fi§.1(c) is analysed. The chosen texture is shown in
Fig. 6.8.

The RF1vs plotin this case is very irregular over a certain value ofs
it it possible to see in Fig6.9 and for this reason a polynomial curve couldn't
approximate the rst branch of plot very well. For this reasonlwas over a
certain have been excluded for the analysis since they didn't havéysipal
meaning and so in Figs.10 a plot similar to the previous cases is obtained.

In this case the polynomial interpolation of the same order has a @ent
of determinationR? = 0:92.



(@) (b)

Figure 6.7: Comparison between FEM failure mechanism for the Irregular Bemture
for two di erent load factors; (a) crack opening load factor = 0.551(b) ultimate load
factor = 0.675

Figure 6.8: Texture of the chaotic sample used for the comparison with FE noeldh



Figure 6.9: Shear reaction forc&F 1 VS load factor for the Irregular Bond texture
- full plot.



Figure 6.10: Shear reaction forc®F 1 VS load factor for the Irregular Bond texture.

The solution obtained for the Chaotic texture by means of DLO iswhadn
Fig. 6.11(a) and the failure multiplier is 0.407.

@ (b)

Figure 6.11: Comparison between models for the Chaotic texture; (a) DLO noeth
failure multiplier = 0.407 (b) FE method, crack opening load facte 0.334

The solution obtained for the same texture by means of the Finitenkent



analysis is shown in Fig.11(b).

In this case the crack load factor evaluated is 0.334 and it's ad@aiver than
the one evaluated by the DLO limit analysis.

Moreover, the ultimate load factor (0.430) is lower than both the pmtic
and the Irregular Texture ultimate load factors.

The comparison for the failure mechanism at the opening of theckrand
at the ultimate load factor for the chaotic texture is shown ing-6.12

(a) (b)

Figure 6.12: Comparison between FEM failure mechanism for the chaotic textior
two di erent load factors; (a) crack opening load factor = 0.334 , Jlultimate load
factor = 0.430

6.3.Computational e ort

Once the agreement between the outcome for the two di erent mads is
established, also the time needed for the analysis must bepewed. In order
to make the comparison, all the models are run on an Intel 17-8565U CPBQ(

- 1.99 GHz) computer with 16 GB of RAM and running 64-bit Windows 10 was
used.

The elapsed time is resumed in Tabfel that shows the DLO rigid block
analysis is way faster than the FE analysis. Although many etspef the FE
analysis may be modi ed in order to reduce the computationabg, such the
re nement of the discretisation, the use of rigid blocks insteaflan elastic
material and other solver options, it is clear that both the time ofaysis and
the memory requested are not comparable.

This is the reason why this method was chosen from the beginnindhis
parametric analysis. The sample tested for the comparisoneharound 200
blocks and they still takes hours to converge to the nal solution.

Some of the samples analysed in Séc3.2 exceed 1200 blocks and dozens
of them are generated, so a FE incremental analysis would takentoich time
with no bene t in the evaluation of the load factor.



Table 6.1: Elapsed time for both model and for three di erent textures

Texture Method CPU time
(hr)  (min) (sec)
Periodic DLO - - 2
FEM - 51 54
Quasi-periodic (I1B) DLO . ] 2
FEM 2 14 47
Chaotic DLO ) i 1
FEM - 15 43

6.4.Discussion

In this chapter two di erent methods for the analysis of the jiane behaviour
of masonry under a seismic action have been addressed. The twwone have
a completely di erent approach.

In the DLO method limit analysis is applied by means of a Lineesgram-
ming problem that allows to individuate the right failure memfism amongst
an huge number of potential mechanisms. The solution is then adden a
single step though inside the Linear Programming a lot of equationd am
equality are solved through iterations by means of an e cient salv€or this
reason a single set of relative displacement is de ned and issogiated to a
single load factor. The evolution of the crack pattern cannot be lerased.

In the FE analysis instead, the solution is achieved by stepmbgns of a
non-linear analysis. The load is applied as a quasi-statiézootal body force
and it increases at each step of the analysis, so the displacéneld can be
evaluated at each step as well as stress in each point of the donioreover
the blocks are modelled with a linear elastic isotropic matkend this allows
to have strain also within these elements.

In conclusion FEM is a powerful tool that allows to carry on a widage of
possible analysis and to evaluated an high number of paramef2© instead
only evaluates the relative displacements and the plastidtipliers for the
mechanisms that requires the less energy of activation. Theeefs the aim of
the analysis is just the evaluation of the failure load and thiéuf@ mechanism,
DLO rigid block analysis provides a fast and powerful tool. Esaléy in the case
of historical masonry buildings under seismic condition it is adjchoice since
the failure is likely to occur in the mortar joints and not withithe elements.
For this reason a FE analysis may result cumbersome just to geowiformation
that is not strictly necessary.

The same reasoning may be adopted for Discrete Element Methbdsdre
not investigated in this work. Unlike DEM approaches, DLO only leases



relative displacements and so the number of unknowns is amrtleduced but
it can't be applied to analysis whose aim is to evaluate the pamal evolution
of the mechanism and to deal with large deformations.



7. Conclusions

Here the main conclusion of this work are drawn.

In this work Discontinuity Layout Optimisation (DLO) numeritanalysis is
employed to carry out a parametric analysis which involves lggtbmetrical and
mechanical factors in order to characterise the e ect of noardic masonry
textures. For the current masonry classi cation the parametestudied are the
height of the panel, the slenderness of the stones (i.e. the lasalect ratio)
and the mechanical characteristics of the mortar.

A new classi cation of non-periodic textures has been proposetithe varia-
tion of the failure loads for this di erent textures has been é&vated generating
random samples.

Moreover the analysis has been conducted both with a discretecguh and
an homogenised approach and the advantages and limitations havéesfet
methods have been discussed.

These methods have been also applied to a whole facade withingero
show the reliability and the accuracy.

In the end a comparison with a FE non-linear analysis has beemesaddd,
showing the huge reduction in the computational e ort for the sty of the
failure loads using DLO instead of FE.

The conclusion are shown in the following bullet point list, died in sections
for the sake of clarity.



7.1.E ect of Variation of the height of the panel for the cemt classi-

cation

" For the current classi cation, the e ect of the variation of the gbal As-

pect Ratio H=W) has been considered. All but the periodic texture show
an irregular variation with the height of the panel along with anyas
metry of the failure multiplier and the failure mechanism. particular,

for a certain range of the global Aspect Ratio, the quasi-periagixture
has a local mechanism while the quasi chaotic texture has ydwis
feature. The periodic texture instead always behave globaliy terms

of failure multipliers, the periodic texture shows the highealues (i.e.

a better structural capacity), the quasi-periodic textulas intermediate
values and the chaotic has the worst behaviour.

The presence of a vertical load above the wall along with its aisged
seismic mass causes a decrease of the failure multiplierseciumakes
rotations occur for lower values of the failure multiplier.

7.2.Study of the variation of geometrical and mechanicedmpaters for

a periodic texture

The presence of cohesion in vertical mortar joints has been aealyand
its e ect has been checked with analytical formulas.

The e ect of the variation of the local Aspect Ratio has been siedl
and the failure multipliers decreases when w/h decreases (or slender
elements).

The possibility for the failure to occur within the blocks hagen con-
sidered, and it has been shown that both cohesion and friction otks
in uence the outcome. Anyway for historical masonry mortar isyweveak
compared to blocks and so the failure occurs along mortar joints

7.3.New classi cation for quasi-periodic textures anduateon of their

~

in uence by means of DLO

A new classi cation procedure for non-periodic masonry terirhas
been proposed with three main classes: periodic, quasi-pieriand
random. The quasi-periodic classication is further subded into
Similar height Stretcher Bond (SSB), Dierent height StretcheBond
(DSB), and Irregular Bond (IB). The classi cation is determidesystem-
atically using 2 parameters: the indep, of the staggering of vertical
mortar joints and the coe cient of variationv of the height of the courses.



" A method of modelling a range of textures and masonry panel sizes
using the Discontinuity Layout Optimization (DLO) method haseén
demonstrated. This essentially achieves a °rigid block' gsial with
associative friction. Each analysis utilised seismic logdmthe left and
right to quantify stability.

For each texture the masonry unit layout was varied randomly. eTh
variability in results was shown to reduce when the number efsonry
units in the panel increases and it is greatest for the Irregdand. For
example the Irregular Bond has a variation of about 10% with respect
to the periodic texture for a 412 sample, while for a 2060 sample
the variation is about 1%. It is di cult to make quantitative steements
since if a critical alignment of bonds in irregular masonry mastifeear a
corner of the panel then a low strength will result. For this sea, if the
aim is to investigate also the local mechanisms, it is reqliite model

all masonry explicitly by means of a rigid block analysis. Tlosld be
done through image analysis in order to produce a quick and dedail
model. Although the step between image and model is not always
straightforward, the current interest on machine learningcimiques
merged with image digital processing techniques may lead toiert
solutions.

In addition to the rigid block analysis, the use of an homogenized
approach using DLO was also investigated. In this case the mgson
panel is represented by a single representative aspect thtib may be
determined from image/statistical analysis of the masonry pamebther
classi cation techniques. If a non-periodic masonry panel lagreat
number of elements (2060 in this case), a single uniform aspect ratio
was demonstrated to provide answers below and to within 10% of the
rigid block analysis.

Four sub-variants of the homogenisation approach were considered
to account for variation of geometry within a given panel. use of a
single region (uniform local aspect ratio), subdivision of the omgi
into horizontal layers, subdivision of the region into other swgions
and continuum mapping of the local aspect ratio across the region
with each discontinuity adopting an average local aspect ragiong

its length. However not every wall panel characterisation hlas same
computational complexity and the trade o between these two astse

is not worthwhile for each of them. Anyway if the panel has been
geometrically characterised thoroughly it seems more straightéod to



simply model every block explicitly. This is true until theimber of
blocks is very high since it can increase the computational €aof a
rigid block model considerably and since also the e ect of thattee

is less relevant in this case a simple homogenised model obtain by

characterising portions of the wall statistically is suggested

It is hypothesised that if major heterogeneities are indivithth(e.g. two
di erent walls joined by a continuous joint line) they can be prope
modelled via the homogenization approach that can provide a comveni
‘low cost' rst analysis option.

7.4.FEM comparison

~

FE models in Abaqus have been created to make a comparison Wwéh t

DLO rigid block approach. The comparison shows a good agreement

both for the failure multipliers and for the failure mechams. Although
the FE analysis can provide more information, it requires a ymsnpu-
tational e ort and so DLO is proved to be a quick and reliable tdof the
assessment of the structural capacities of masonry panels usdismic
loads. The dierence in time between the a FE approach and theCDL
analysis is dependent on the number of elements and on the texbuit
even for the simplest case analysed the FE elapsed time waswasand
times bigger than the DLO elapsed time. This was the main reaspade
such method for the systematic evaluation of the impact of thattees
and other geometrical and mechanical aspects.

7.5.Future work

As a future perspective, the realisation of real samples withrdnt texture
to be tested in laboratory is in plan. Moreover an extension of therent
analysis with an extension to the failure within the blocks (@ready partially

investigated in Sec5.2.3) is expected. For the moment the homogenised model

is based on rigid block failure modes so it cannot reproduce thimpression
failure of the elements. An extension to investigate also thagufe modes
could be useful in order to provide quick and reliable solutiarsniany other
problems.



A. Python DLO script

In this section a new script in Python for the analysis of planaspkity
problem is presented. The basic script is then enhanced irerotd allow
treatment of cohesive-frictional materials, with self-weigineated herein in a
new and conceptually elegant way. Moreover various examples r@septed
to illustrate the capabilities of the script and the displanents are represented
with vectors to provide a better insight of the failure mechanis

This work has been already developed in a paper currently visin.

A.1.Basic formulation

In this section a formulation for a simple cohesive media is gmé=d. How-
ever unlike the formulation used in the analogy with the optimeldut of trusses
(Egn. (2.1049)) in this case a more general formulation is adopted, which also
allows the potential for dilational displacements to occuomg slip-line discon-
tinuities (see FigA.1):

min ffd=g"p (A.1a)

P

st. Bd=0 (A.1b)
Np d=0 (A.lc)
fld=1 (A.1d)
p O (A.1e)

wheref, = fS;1;NL1;Si2;N2::NL mg is a vector of live loads acting on the
discontinuities,d™ = fsq;nq;sy; N2y g are the relative shear and normal



Figure A.1: Variables in truss and DLO problems: (a) force variable of astriari;
(b) shear displacement variable of a slip-linenoving fromAB to A°B% (c) shear and
normal displacement variables. For (b) and (c) and sign corienadopted in this
work, the indicated relative displacement jump occurs mavacross the discontinuity
from below to above.

displacements along the discontinuities;is the load factor, and sofd in
Egn. (A.19) is the live loads work. Alsqp is a vector of non-negative plastic
multipliers used to describe the plastic ow of the discontities, and so the
right hand side of Eqn.(A.1a) is the internal energy dissipation. With this in
mind, the objective function Eqn(A.1a) identi es the minimum value of the
live load that causes the collapse of the structure.

Although theoretically live loads can be applied to any discouity, in general
they are only applied to discontinuities lying on free boundgrguch thatS;
and N is zero for any non-free boundary

The displacements involved are adllative and the following sign convention
is adopted: shear displacemergsare taken as positive clockwise (as shown in
Fig. 2.13) and normal displacements dilational displacements are taken as
positive. Thus “inward' displacement into a body at a boundaoyresponds to
dilation at that boundary and correspondingly a normal load at a bhdary is
considered positive if it is applied inwards with respect te tiomain boundary,
such that it does positive work. So, for example, if the same fwsiload is
applied to the upper boundary or to the lower boundary it is ated downwards
or upwards respectively. In a same way a boundary shear loadrisidered
positive if it acts anti-clockwise around the boundary.

In Equation(A.2), the compatibility matrixB; of the ith discontinuity can
be written as:

2 3
i i
Bidi = g ! ! Z S - 0 (A.2)
i i N;
| |
where { =cos j and ; =sin ; are the direction cosines associated with the

discontinuity.
Constraint (A.1c) imposes a ow rule linking displacemenss and n;. For
the example shown in FigA.1b, only shear plastic ow is involved, such that



the ow rule of the ith slip-line would be written as:

_ 1 1 P Si _

Nipi di= 4 0o nn -0 (A.3)
where the normal plastic ow is set to zero. Note that the ow rlconstraint
(A.3) is applied to all internal slip-lines. For what regards boundalip-lines,
the equation needs to be modi ed to satisfy each boundary caodit

Note that the use ofpy; + p2i in the work equationA.1a, with p1;, p2i
0, ensures that work done is always positive, regardless of thection of
displacements;. Since Eqg. A.1a) is being minimized, the ow rule can be

viewed as being equivalemmh;; + pz; = jsij; this is illustrated on TableA.1,
which shows a range of possibpe, po2; values for cases wheig = 10 or
s; = 10, indicating that the optimal (lowest) value will always oacwhen
P + P2 = jsi.
Table A.1: Examples of plastic multiplier valuep; ., p2:i, showing that the optimal
(minimum) work value coincides witpy; + pzi = jSij.
Work
Si=Ppui Pz Pui P2i (Pt pzi)cli Minimum?

10 10 O 1@;l; Yes

10 11 1 12;1; No

10 15 5 2@; 1 No

-10 0 10 1@l Yes

-10 1 1 12;1; No

-10 5 15 2@; 1 No

Live load is applied directly on boundary discontinuities. Foe thake of
simplicity, a unit normal load is used:

[0;1;]; fori2 F;

fT =
Li [0;0]; otherwise

(A.4)
whereF is a set containing discontinuities where a load is applied, krid the
length of theith discontinuity. Note that this de nes a " exible' load, i.e.the

loaded boundary line is free to deform since each normal digphent can be
di erent.

A.1.1.Boundary conditions

As mentioned previously,boundary conditions a ect the ow ruledhwork
terms associated with the relevant discontinuities. For &dkboundary, there's
no need to add further constraints, since the relevant disaouities have the
same properties as internal ones. For free boundaries, the wesrin(A.1c) do



not need to be applied, since the displacements (iseandn;) don't need to be
coupled. In addition, since no internal energy is dissipatedrere boundaries,
plastic multiplier terms are not included in the work calctitan, Eqn. (A.1d).

In the examples considered in this Appendix, each boundarysisally rep-
resented as follows:

~

Free boundary: line only

~

Fixed boundary: cross hatch

~

Symmetry boundary : dot-dash line

Loaded boundary: directional load arrows

A.2.Python implementation of basic DLO formulation
The formulation described in Sectiok.1 has been programmed in the Python
script dlo_basic .

A.2.1.Program code excerpts

The key parts of the formulation described in Sectiénl are now associated
with the corresponding program code. Speci cally, functidmOperforms the
high-level steps required to solve a DLO problem.

Firstly a polygonal problem domain is created:

poly = Polygon(vt)

in which the geometrical librarghapely is used to generate a polygon using its
verticesvt .
Nodes and discontinuities are then generated:

Nd
Cn

whereNdis a(n 2) array of nodes, with rows de ning thg andy coordinates

of nodes. Cnis a(m 3) array of discontinuities, with each row de ning

the indices of the connected nodes and the discontinuity lengtiiote that

only nodes and discontinuities lying entirely inside the polygoomain are

created and this allows to also deal with convex geometrieso Adserlapping

connections are ltered out to remove redundant collinear disdpaities.
Boundary conditions are then de ned:

bd = setCnBoundaryCondition(Nd,Cn,vt,edgebd)

which generates an arrayd de ning boundary conditions for all discontinuities.
A DLO problem is then set up and solved:

factor, d, p = solveLP(Nd, Cn, bd, mat)

createNodes(poly)
createDiscontinuities(poly, Nd)

and results are displayed graphically:
plot(vt, d, Cn, Nd, bd)
Further details of the key steps involved are now presented.



Setting up the DLO optimisation problem

As successfully utilized by He et al. (2019), the convex optimmajpackage
cvxpy (Diamond and Boyd 2016) is here used to solve the minimization problem
(A.1), processed in functiosolvelLP.

Firstly, all coe cient vectors and matrices in problerpA.1) are obtained:

calcB(Nd, Cn)

calcN(bd)

calcg(Cn, mat[ 'cohesive' ])
fL = unitLoad(bd)

B
N
g

Boundary conditions are then considered:

activeN, activeG = boundaryConditions(bd)

which generates two vectorsctiveN and activeG , containing binary data used
later to impose boundary conditions to the ow rule matriXx and the energy
dissipation vectom.

Optimisation variables are then created:

cvx.Variable(2 * m)
cvx.Variable(2 * m)

T Q
I

Note that matrix multiplications incvxpy (from version 1.0) are de ned using
the symbol \@". The objective functioi2.1059 is created using:

energy = (g * activeG).transpose() @ p
obj = cvx.Minimize(energy)

where the arrayactiveG is used as a mask to set certain coe cients into 0,
to t the boundary conditions involved.
All constraints in problem(A.1) are contained in a listons:

cons = []

cons.append(B @ d == 0)

cons.append(fL @ d == 1)

cons.append(p >= 0)
cons.append(cvx.multiply(N@p-d,activeN)==0)

The optimisation problem can now be created and solved:

prob = cvx.Problem(obj, cons)
factor = prob.solve(solver= 'ECOS)

where here the LP problem is initially solved via the fEB@OSolver (Domabhidi
et al. 2013), which is installed with thevxpy package. The optimisation
variables can then be obtained:

d = np.array(d.value).flatten()
p = np.array(p.value).flatten()



Compatibility constraints
To improve computer memory e ciency, the compatibility matrixn Eg.
(A.2) is stored in a sparse matrix. Therefore, it is necessary ohly values
and locations of non-zeros (i.e., row and column identi ers) intma B . Since
numpycan handle element-wise calculations in arrays, it is coremnio de ne
local compatibility matrices for all discontinuities:
s, n = np.arange(0,2*m,2), np.arange(1,2*m,2)
alpha, beta = X /I, Y /|
values = [[alpha, -beta],
[beta, alpha],
[-alpha, beta],
[-beta, -alphal]]
rows = [nl*2,
nl*2+1,
n2*2,
n2*2+1]
columns = [s, n]

where heres and n are respectively vectors of shear and normal displacements
in d; see equationA.1b). Alsonl and n2 are indices of the rst and second
nodes connected by discontinuities.

The above script collects all non-zeros in tBematrix and their correspond-
ing locations. To create the sparse matrix, the following ftina is called:

return toSparseMatrix(values, rows, columns, shape = (n
*2, m*2))

which creates &n 2m sparse matrix using the non-zeros provided.

Flow rule
The ow rule matrix N in Eq. (A.3) is calculated as follows:

values = [[one , -one],
[zero, zero]]
columns = [s, n]
rows = [np.arange(0,2*m,2),\
np.arange(1,2*m, 2)]

Applied loading
In accordance with Eq.(A.4), loads can be applied to discontinuities lying
along boundaries using the following code fragment:
m, | = len (bd), Cnl[:,2]
loadedCn = np.where(bd == BD.Load)[0]
fL = np.zeros((m, 2))
fL[loadedCn, 1] = I[loadedCn]

Note that this applies a ~ exible' unit load (since no kinemattonstraints have
been created to link together the displacements of adjacent émhdegments).



A.2.2.lllustrative examples

The formulation described is now applied to simple literaproblems. For
all problems a laptop PC equipped with an Intel 17-7700HQ CPU and nugn
64-bit Windows 10 was used. These problems are characterized pyra
cohesive model (i.e., can be described by the Tresca failoxelepe, in which
only shear plastic strains occur).

Metal extrusion

The rst example is a classical metal extrusion problem consadeby Hill
(1950), in which metal is pushed through a rectangular die by a ramadieg
to “steady motion' metal extrusion (i.e., a uniform displacemérate) eld at
the bottom boundary).

Figure A.2 presents results for three di erent domain heights. It is extid
that a slip-line eld similar to that obtained by Hill is only obined when the
loaded boundary is a su cient distance from the opening. This ischase the
loading presented in SecA.2.1is " exible', and does not ensure a uniform
displacement eld is present at the loaded boundary; this candddressed by
instead using a rigid load, as described in S&c4.

@ (b) (©

Figure A.2: Metal extrusion (1/3 opening on the top edge): (a) 15x12 nodal divisions,
=4:237. (b) 15x15 nodal divisions; = 4:841; (c) 15x18 nodal divisions, = 5:320.
(c=1)

Prandtl punch

FigureA.3(a) shows a variant of the well-known Prandtl punch problemI{Hi
1950). Taking symmetry conditions into account, a rectangular domaiith
10 5 nodal divisions is used here; see Fig3(b). The load factor obtained
is 5.222, which is just 1.56% above the analytical solution of 2+A major
bene t of the DLO method compared with comparable nite elemeanalysis
methods is that the singularity in the displacement eld thaiccurs at the
edge of the punch is identi ed automatically, without the need f.g., tailored



meshes or adaptive mesh re nement.
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Figure A.3: Prandtl punch: (a) problem speci cation; (b) half domain distized
using10 5 nodal divisions; unit load applied along 3 nodal divisions of the édge.
Load factor =5:222 (taking cohesionc = 1).

A.3.Extensions

A.3.1.Cohesive frictional materials

By changing the ow rule matrix it is possible to treat di erentonvex yield
surfaces. For example, it is straightforward to implementtMohr-Coulomb
model for treating cohesive frictional materials.

To achieve this no changes to the compatibility conditions impbse Eqg.
(2.1058 are required, since normal displacements were alreadwdiecl in the
basic DLO formulation (e.g., to permit the presence of normatmacements
at boundaries).

However, to implement the Mohr-Coulomb model the ow rule constrta
need to be modi ed as follows:

1 1 pt Si

Nipi di= tan tan p? n;

= 0; (A.5)

whereN; is the local plastic ow matrix,p; is a vector containing non-negative
plastic multipliers, and is the angle of friction of the material.



A.3.2.Rigid loads

In contrast to the " exible' loads de ned using Eqn(A.4), it is possible to
specify rigid loads, where the shape of a given loaded boundaryrdimains
xed. For rigid loads, all displacement of discontinuities belomy to the rigid
load boundary share the same value (see Tabl®. It can be implemented
by introducing additional equality constraints to link thegfilacement variables
involved:

linkN, linkS = processCnLinks(bd)

if len (linkN):
nL = d[linkN * 2 + 1]
cons.append(nL[1l:] == nL[:-1])
if len (linkS):
sL = d[linkS * 2]
cons.append(sL[1:] == sL[:-1])

wherelinkN and linkS are arrays containing the indices of discontinuities to
be linked, considering normal and shear displacements otisjedy; sL and nL
are arrays of the corresponding displacement variables.

A.3.3.Treatment of body forces

Theory

In previous work (e.g Smith and Gilbert 2007) the work done by bodgde
was implemented by considering the work done moving a column oferadt
that lies e.g. vertically above a given slip-line discontinufegr simple examples
involving domains with a at uppermost boundary (e.g., see Fig4(a)), it is
relatively easy to calculate the gravity load imposed by matksriying above
any discontinuity. However, for general cases, the calcalai can become
complex. For example, in Figh.4(b), since the uppermost edge is non-smooth,
any algorithm developed to calculate the gravity load would needgbidentify
intersection points on this edge in order to obtain polygonal areasvabeach
underlying discontinuity line. Due to the requirement to calate intersection
points, this process can also become computationally expenshen a large
number of discontinuities are present in a given DLO problem. this reason,
handling distributed body forces was identi ed as an area efkness for DLO
by He and Gilbert (2016).

However, following recent work by Smith and Gilbert (2022), a sien@and
more elegant approach becomes possible. Here this will be tescfrom a
conceptual standpoint, with details of the derivation availabior interested
readers in Smith and Gilbert (2022).

Consider rst a body containing only a non-dilational materiatkin which a
translational mechanism is formed. Due to conservation of voluaienormal
displacements at the domain boundary must sum to zero. To an ke
observer, material that is displaced at one boundary discontynbly a normal
displacement must 'reappear’ at one or more other boundaryaligiouities. For
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Figure A.4: Challenges to calculate body for€ of the shaded area for a discontinuity
AB using the approach described in Smith and Gilbert (2007): (a) at tedge, simple
algorithm is available to calculate the area “above' the digguiity, e.g., in Gilbert
et al. (2010); (b) non-smooth top edge, more complex algorithm is regdjrwhere the
shape of the top edge must be considered.

example in FiguréA.3 the volume of material pushed downwards by the punch
indenter must equal the volume pushed upwards either side efitidenter.

To compute the work done by body forces, it is therefore not nseeg to
track the movement of material throughout a body (since this is domglicitly
by enforcing compatibility elsewhere in the DLO formulatiprjut to simply
note the potential of material that vanishes (positive normasplacement), or
appears (negative normal displacement) at a boundary and shesé to form
the body force work term. Shear displacements do not a ect wvokiand so
have no e ect.

General equations

As already outlines i2.4.2the loss of body force potentid&; due to a normal
displacemenn; is given by Eqn.(2.109.

For a material that undergoes volume change on deformation, e.atidn,
the argument can be extended to include volume generation (or)logsrnal
to the body and Egn.(2.109 is unchanged.

When combined with discrete loads applied to any discontinuitys gives
the general equation for loading (live or dead) on a discontinuitgs follows:

Si

ffdi= Si; 1i( kv Ym kn Xm)+ Nj (A.6)

|
whereS; andN; are respectively a shear and normal load applied to the discon-
tinuity. Body forces may be applied as either live or dead kath this work,
gravity loads are always considered to be dead loads, and ther&fq. (A.6)
can be simpli ed to:

fgidi= 0; L Ymi ; (A7)

ni



which involves signi cantly simpler computations than those @sated with
the strip model shown in FigA.4.

To accommodate such body forces it is necessary to extend temua\.1a
to now include dead loads (D) as follows:

min flfd=g'p fd (A.8)
P

A.3.4.Alternative LP solvers
By default, the LP problem(A.1) is solved using the open-source solver
ECOS (Domahidi et al. 2013) that is distributed witbvxpy. However,cvxpy
also supports many other, potentially more e cient, solvers ibait these
need be installed separately by users. For example, to useMB®SEK solver
(MOSEK ApS 2019), thesolve command in functionsolveLP is replaced with
the following:

factor, d, p = prob.solve(solver = cvx.MOSEK\
mosek_params={MSK_IPAR_INTPNT_BASI®})

The MOSEK parametefMSK_IPAR_INTPNT_BASIdisables the unnecessary ba-
sis identi cation step to improve speed.

A.3.5.Adaptive solution procedure

Similar to the ‘'member adding' procedure applied to numdritass layout
optimisation problems (Gilbert and Tyas 2003; He et al. 2019), an adaptiv
solution scheme can be employed when solving DLO problems, sagmily
improving computational e ciency. Figuréd.5 shows how a solution is obtained
for a Prandtl punch problem when using the adaptive solutionqass. For sake
of simplicity, in this work all potential discontinuities areeated, Fig.A.5(c),
and only small subsets are selected to solve problém), e.g., Fig.A.5(d)-(i).
Note that it is possible to improve the memory e ciency furtherybskipping
the step in Fig.A.5(c) and only storing the required subsets.

In the adaptive solution procedure, the dual problem (@f.1) is examined.
Using duality theory (e.g., see He et al. 2019), the dual problem(éfl),
extended in(A.8), is shown in Eqn.(2.110

When the primal problenm{A.1) is solved via the primal-dual interior point
method, the nodal force$ at every node is obtained from the compatibility
constraints. Therefore, the discontinuity force vectgrfor all potential discon-
tinuities (i.e., discontinuities that are not included in tharimal problem) can
be obtained from the equality constrairf2.1100:

g = B.transpose().dot(t) + factor * fL + fD
Since the potential discontinuities are not included in thenpal problem,

yield condition(2.1109 may not be satis ed for all those discontinuities. Their
violations can be calculated:
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Figure A.5: Solve a DLO problem via the adaptive solution scheme: (a) Problem
speci cation; (b) node discretisation0 5 divisions); (c) create all potential discon-
tinuities by interconnecting every possible pair of nodes (136Ekptal discontinuities);

(d) only activate a small subset of discontinuities (215 discoutiies activated); (e)
iteration 1, solve problemA.1), = 6:000 (f) check dual violation using4.112),
and activate the most violated discontinuities via\.Q); (g) iteration 2, = 5:333
with dual violation; (h) iteration 4, = 5:259 with dual violation; (i) nal itera-
tion, =5:222 no dual violation, 248 activated discontinuities in total; (j) dhlight
discontinuities with non-zero energy dissipation, and showpldissment vectors using
algorithms in Sectiom\.3.6



y = N.transpose().dot(q) / g

Note that for each discontinuity, two violation numbers, corpsmding to the
two inequality constraints in(2.112), are obtained. They are extracted using
viol
vio2

y[np.arange(0, m * 2, 2)]
y[np.arange(1, m * 2, 2)]

And all discontinuities are sorted by their violation humbensdescending or-
der:

vio = np.vstack((viol, vio2))

vio = np.amax(vio, axis=0)

To prevent dual violations, the violated discontinuities shobkeladded to the
primal problem in the next iteration. To improve computational eiency, only
the most violated discontinuities are added. Denatg the number of violated
discontinuities,m, the number of potential (i.e., inactivated) discontinuities.
The following selection criteria is used to obtain the number o thost violated
discontinuities:

8
2 1my; my 2Mp (A.9a)

>

o1 2Mp; 1 2Mp<my < oMy, (A.9c)
where m is the number of discontinuities to be added; and , are co-
e cients determining the percentage of new discontinuities tie added. In
this work, both coe cients are taken as 0.05. 1§A.9), if the number of vio-
lated discontinuities is relatively largen( 2mp), only a small proportion of
the violated discontinuities are adde@lA.9a). This prevents the problem from
growing very rapidly during early iterations of the adaptiveutimin process,
where a large number of dual violations are expected. On the othedhif the
number of violated discontinuities is relatively smath,{ 1 2mp), all the
violated discontinuities will be adde@A.9b), as they will only slightly increase
the size of the problem. Otherwise, if the number of violated drginuities is
neither large nor small, a xed proportion of the inactivated ditinuities are
added, (A.90). If no violation is detected among all potential discontinuities
there is no new discontinuities to be added (i.e.m = m, = 0), and the
adaptive procedure completes.

Note that selection criterig A.9) is based on heuristics; it is therefore possible
to design di erent strategies. Nevertheless, it is importatat state that, the
adaptive procedure is guaranteed to obtain the same load faasahat obtained
by solving the full problem, regardless of the speci ¢ heuristised.

A.3.6.Graphical display of mechanism and kinematics
To give a visual indication of movements, a grid of displacementarsccan
be overlain on any mechanism. This can be achieved by runningdrial scan



lines across the domain at regular y-intervals. The absolutpldiement is set
to zero where the scan line lies outside the domain. As the so@ drosses
the domain from left to right, it will cross discontinuities. At eh crossing the
absolute displacement is updated by adding the relative ldispment that is
incurred when crossing the discontinuity. The absolute disptaent can then
be noted at regular x-intervals along the scan line.

M— S

Figure A.6: Generating velocity eld by collecting velocity jumps at @rsections
between discontinuities and a ray

A.4.Numerical examples

In this section several examples involving the features prteskin Sec.A.3
are shown. In all the following examples a rigid load is presenéess stated
otherwise.

A.4.1.Metal extrusion example revisited

Taking advantage of features introduced in Sectiér3, here the metal ex-
trusion example in Sectiol.2.2 is considered. Since the ram can now be
modelled using rigid load to ensure a “steady motion', there isnred to set
the loaded boundary su ciently away from the opening; and a squdamain is
used. Also, to obtain more accurate solutions than Ffg2(c), nodal divisions
are increased. FigA.7 shows the results obtained usirBp 30and60 60
nodal divisions; and Tablé.2 provides a summary of the solutions with varying
nodal divisions. Since the number of total discontinuities aases extremely
rapidly with the nodal divisions, it is di cult to solve the fulproblem without
the adaptive solution procedure. The ECOS solver failed to abtsolutions
after the nodal division is increased froib 15to 30 30; so the more
e cient MOSEK solver is utilized. On the other hand, using the aptive solu-
tion procedure, the problems become signi cantly less di cult ®olve, so the
computational e ciency is increased. For example, the ECOSvsolcan solve
the problem with60 60 nodal divisions; and large speed up factors are found
in relatively large problems using MOSEK solver. It is importéminote that,
although for each problem the CPU costs vary largely with di eremtproaches
(i.e., full problem or adaptive solution) and solvers (ECOS or MEKS, the
reported load factors remain the same.
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Figure A.7: Metal extrusion example revisited: (a) 3@0 nodal divisions, = 4:880,
(b) 60 60 nodal divisions, =4:861 (c=1)

Table A.2: Metal extrusion example revisited: results for various nodsisibns

Nodal division Num. of total Load factor CPU time (ECOS) CPU time (MOSEK)
x y) discontinuities Full (s)Y Adaptive (s)? Full (s)¥Y Adaptive (s)*> Speed up factor
15 15 20,074 4.920 3 1 1 1 1
30 30 280,916 4.880 - 9 21 9 2.3
45 45 1,362,082 4.868 - 52 114 24 4.8
60 60 4,209,056 4.861 - 457 514 98 5.2
75 75 10,145,578 4.858 - - 2281 183 12.5

y:. cumulative CPU time spent in functiosolveLP
z: cumulative CPU time spent in functionSolveLP and stopViolation
- : maximum number of iterations reached in ECOS



Metal block compressed between rough platens

The second example is a rectangular metal block that is comgeagerti-
cally between two rough platens. The analytical solution hasrbpevided by
(Chakrabarty (1991),Chakrabarty (2006)). In fact, the problem is imaogy
with the optimal layout of trusses for the cantilever truss pretl (Lewnski
et al. (1994) / Johnson (1961)), if only half the width of the metal block is
observed; and the layout of discontinuities at failure exactlgtomes the layout
of (near-)optimum trusses with minimum volume design. Here thi erent
aspect ratios are considered, and the results are shown ineTal8. For sake
of clarity, Fig. A.8 shows the corresponding slip-line patterns obtained with
relatively small nodal divisions.

@)

(b)
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Figure A.8: Metal block compressed between rough platens: (a) 10 nodal divi-
sions, aspect ratio = 1, = 2:000 (b) 36 10 nodal divisions, aspect ratio = 3.6,
=3:325 (c) 67 10 nodal divisions, aspect ratio = 6.7, =4:978(c=1)



Table A.3: Metal block compressed between rough platens: results for varldack
width : height aspect ratios

Block width : height Analytical: Numerical:
aspect ratio Nodal division X y) Error% CPU (s)Y
1 2.000 25 25 2.000 0.00 2
3.644 3.334 91 25 3.335.. 0.03 80
6.718 4.894 168 25 4.900.. 0.11 116

»Adaptive solution procedure via the MOSEK solver
.Aspect ratios of 3.64 and 6.72 were used in the numerical studies.

A.4.2.Geotechnical examples

With the Mohr Coulomb failure criteria (Sectiord.3.1) and body forces
(Section A.3.3), the DLO formulation (A.1) can be used to solve a range of
geotechnical problems.

Bearing capacity problem with cohesive frictional soil

Here the inclusion of friction is illustrated by modi cation of ¢hPrandtl
punch problem considered in Sectign2.2 to a bearing capacity problem in-
volving a Mohr Coulomb failure criteria (cohesive-frictional soilfhe soil is
considered weightless, in which case the analytical solutiom lca obtained
via = c (Ng 1)cot , wherec is the cohesion, is the angle of friction
andNg = exp( tan )tan 2(45+ =2). To model the problem, here the half
domain is discretized witd8 16 nodal divisions, taking into account symme-
try conditions, and a unit rigid load of 5 nodal divisions is appliéte value
obtained for in this analysis is 21.0124 (Figh.9) whereNy = 10:66, which
di ers from the analytical value of 20.721 by 1.4%.

Figure A.9: Bearing capacity problem with cohesive frictional soil: witlgid load
applied over a length of 5 nodal divisions and with domain diszestiwith 48 16
nodal divisions. Load factor =21:024. (c=1; =25, =0)



Retaining wall

Here the inclusion of self weight is illustrated through the amsddyof a
geotechnical retaining wall problem. The \passive state" is ddesed, which
identi es the lateral resistance of a soil body when the walbished towards it,
see FigA.10. The soil cohesion and unit weight are taken as unity and 20 .
The domain is discretized using 4@0 nodal divisions, and a unit rigid load
is applied on the left boundary. The load factor obtained is 23.2560hh"s
0.007% higher than the theoretical value of 23.252€¢ 0:5K, H +2¢ Ky,
whereK = tan 2(45+ =2), andH =20 is the wall height).

Figure A.10: Retaining wall: using unit rigid load and 4®0 nodal divisions. Load
factor =23:254. (c=1; =20, =1)

Terraced slope with crest surcharge

Figure A.11 shows a slope stability problem with a rigid load at the crest.
The Mohr-Coulomb failure criterion is used in the sodl £ 1, =25 ), and
the unit weight is setto = 1. Since the slope has a non-smooth top-surface,
it becomes challenging to calculate the load e ects of the sedfight of soils
using approaches from previous work (e.g., Smith and Gilbert (20@i)hert
et al. (2010), see also Figh.4). Using the new body force formulatiof2.109,
the load e ects can be calculated very e ciently. The non-cornwelomain
is discretized with(20 12) nodal division, and nodes outside the domain are
removed in functiorcreateNodes; similarly, discontinuities intersecting the con-
cave edges on the top-surface are removed in functi@ateDiscontinuities



The failure mechanism in FigA.11 shows a partly curved slip-line, which con-
verts the vertical displacement of the rigid plate to horizohtaovements of
the soils, as observed from the displacement vectors.

L. RN NN R I

Figure A.11: Terraced slope with crest surcharge: usid§ 12 nodal divisions, load
factor =9:170 (c=1; =20; =1)

A.5.Running the example problems

Two main scripts have been prepared and made available aplasomgntary
material; the rst, DLO_basic.py, covers the basic DLO formulation described
in Sect. A.2; the second,DLO.py, incorporates the extensions described in
Sect. A.3. For readers unfamiliar with DLO it is strongly recommended ttha
DLO_basic.py is referred to rst as this is shorter and has been designedd¢o b
as accessible as possible. (Note tHaitO.py also includes code optimizations
to improve speed, e.g., loops have been replaced with vectbicaéculations.)

Both the scripts depend on a number of packages that can be iretalia
the conda cross-platform command line package management tool distridute
with Anaconda (which is freely available frohitps://www.anaconda.com/
download and also includes a Python development environment):
conda install numpy
conda install scipy
conda install shapely

conda install -c conda-forge cvxpy
conda install matplotlib

To allow readers to run the example problems, an additionaipgcexample
.py, has been prepared. This includes functions to run each of tkenwples



considered in this work (Tablé.4) and to solve all examples considered in this
work in sequence, readers can run the following command in @niteal:

python example.py

In addition, to obviate the need to install Python and assocthtpack-
ages, the scripts have also been made available via Google CBlabng
2019), at: https://colab.research.google.com/drive/1qgXhiD2JSC _
pKU_PFOp3KECFiM9gXTYHntering this url in a web browser automatically
runs all examples - scroll to the bottom of the page to view the tertlagraph-
ical output generated for all problems, which will take a few@eds to appeatr.
This link will work for as long as Google Colab services remaitigylavailable.

Table A.4: Python function calls for all example problems

Description Figure Python function
Fig. A.2(a) Extrusion12()

Extrusion ( exible load) Fig.A.2(b)  Extrusion15()
Fig. A.2(c)  Extrusion18()

Prandtl punch Fig.A.3 Prandtl()

Fig. A.7(a)  Extrusion30()
Extrusion (rigid load)
Fig. A.7(b)  Extrusion60()

Fig. A.8(a) Metal10()

Metal compressed FigA.8(b) Metal36()
Fig. A.8(c) Metal67()
Bearing capacity FigA.9 Bearing()

Retaining wall (passive failure), Figh.10 Retaining()
Slope Fig.A.11 Slope()
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